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1.0 INTRODUCTION

This report i1s concerned with the interior ballistic performance
of a particular type of gun propelling charge which is attached to
the base of the projectile and which burns in successive planar layers,
combustion beginning at the rear face of the charge and progressing
towards the projectile base. A propelling charge of this type is re-
ferred to as an end-burning traveling charge and is of current interest
as a potential solution in applications requiring very high muzzle
velocities—-of the order of 3 km/sec.

In order to permit a theoretical evaluation of the performance to
be expected of such a charge, we have developed a model of the one-
dimensional continuum dynamics of the solid propellant and its products
of combustion, the reaction zone being assumed sufficiently. thin that
it may be represented as an internal boundary condition. The purpose
of the present report is to provide documentation of the model, inclu-
ding the mathematical formulation of the equations, the method of solu-
tion, and the structure and use of the computer program into which the
model has been encoded.

Subsequent subsections of this introduction enlarge on the concept
of the traveling charge, define the scope of the present effort, and
summarize the modeling approach.

1.1 Background

Increasing the muzzle velocity offers two advantages: the time of
flight of the projectile is reduced, increasing the likelihood of de-
feating a highly mobile target; and the terminal velocity is increased,
at moderate range, increasing the likelihood of penetration of heavy
armor. Present conventional weapons yield muzzle velocities of the
order of 1.0-1.5 km/sec. Significant increases in effectiveness
against the most mobile or most heavily armored targets would accrue if
muzzle velocities as high as 3.0 km/sec could be obtained.

The relevance of the traveling charge concept to the design of
weapons yielding such high velocities has been discussed in some detail
in a recent review by May et all, 1In the present report we confine our
discussion to certain conceptual aspects of propelling charge perfor-
mance in order to identify the theoretical factors which have motivated
past and present interest in the traveling charge and to note certain
questions which may be asked about the traveling charge concept; these
questions motivate the present work.

Figure 1.1 illustrates, in a schematic fqrm, the nature of the
flows associated with a conventional granular propelling charge and an

1Mby, I. W., Baran, A. F., Baer, P. G. and Gough, P. S.
"The Traveling Charge Effect" :
Proceedings of the l5th JANNAF Combustion Meeting : : '1978
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end~-burning traveling charge. In neither case do we discuss the de-

tails of the ignition process; details pertaining to the conventional
charge may be found in the recent AIAA Progress Series volume edited

by Krier and Summerfieldz.

Except for a relatively small region of single phase flow adjacent
to the base of the projectile, the granular propellant tends to be found
throughout the tube at all times prior to burnout. Therefore the flow
is that of a heterogeneous reacting mixture in which the spacewise re~
lease of chemical energy is more or less uniform. The tendency of the
mixture to become well stirred is due to the action of interphase drag.
Conversely the presence of a region of single phase flow adjacent to
the projectile base is due to the vanishing of the slip velocity at the
base. The departure of the mixture from true well-stirredness can be
pronounced in some cases, especially during ignition, and the ballistic
consequences may be important®. However, by comparison with the end-
burning- traveling charge, in which the propellant and its products of
combustion are separated by a thin layer in which the heat release oc-
curs, the granular propelling charge looks very well-stirred indeed. i

Taking the two-phase mixture to be well-stirred and having more or
less uniform density leads to the classical one-dimensional solution of
LagrangeS in which the velocity profile is linear and the pressure profile
is parabolic. In particular, one may deduce that at any instant of time
the base pressure Ppase and the breech pressure py,.ach are .related ac-
cording to the formula pp,gqe = Pbreech/ (1 + W/2) where ¥ is the charge-
to-projectile mass ratio. Also, one may show that the ratio of the ki~
netic energy of the propellant mixture to that of the projectile is
W/3) : 1.

These elementary classical results define the perspective from
which the concept of the traveling charge appears to offer certain bal-
listic benefits as the charge-to-projectile mass ratio is increased.
The relationship between Ppreech 2nd Ppage describes the degree to which
the pressure at the projectile base is reduced by the requirement that
a gradient exist to accelerate the mixture. In conventional ammunition,
with muzzle velocities of the order of 1 km/sec, W is approximately 0.50
so that py .o ™ 0.80 Ppreech+ Now the propulsive capacity is clearly
due to ppyge While either the weapon weight is related to Ppreech OF,
conversely, Ppreech 1S limited by the tube strength. The discrepancy
of 207% between propulsive pressure and the structural pressure repre-
sents a loss of efficiency in some sense. If we now consider the charge-
to-projectile mass ratio necessary to achieve a muzzle velocity of the
order of 3 km/sec with a conventional granular charge we find that ¥ is of
the order of 8 so that ppyge ~ 0.2 Phreech- Evidently we have reached the
regime of diminishing returns; much of the propulsive potential of the pro-
pellant is lost to self-work. A similar conclusion follows from an exami-
nation of the ratio of kinetic energy of the charge to that of the projectile,
which takes the values 0.167 and 2.67 for the two cases we have considered.

2
Krier, H. and Summerfield, M., "Interior Ballistics of Guns"
Progress in Astronautics and Aeronauties, Vol. 66.
American Institute of Aeronautics and Astronautics 1979

3
Corner, J. "Theory of the Interior Ballistics of Guns"
Wiley, New York, 1950
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Now let us consider the end-burning traveling charge configuration
also illustrated in figure 1.1. The concept formulated by Langweiler?
has the following novel aspect. The rate of burning of the propellant
is to be controlled in such a fashion that the reacted gas comes to rest
with respect to the frame of reference of the gun. Evidently, the burn
rate is required initially to be zero and to increase as the projectile
accelerates. At any instant, however, the kinetic energy of the gas is
zero and, in particular, as burnout is approached, all the propellant is
at rest, the kinetic energy being contained only in the projectile. Al-
ternatively, as the gas column is always at rest, suffering neither trans-
lation nor dilation, its pressure remains constant at the initial value
and 1s, moreover, uniform with respect to its length. The possibility
that these observations can be translated into improved ballistic ef-
ficlency has motivated both past and present interest in the traveling
charge.

‘ Certain questions come to mind as regards this possibility. We
first note those of previous investigators and then add some obser-
vations of our own.

The first question is whether the burn rates required by the
Langweiler concept can actually be realized. It was observed by Vinti
that the regression rate would be required to be of the same order of
magnitude as the projectile velocity, namely one or more km/sec. This
requirement may be contrasted with the observed rates of burning of
conventional propellants which are typically measured in cm/sec at the
largest pressures experienced in a gun. The same observation was made
by Lee and Laidlerf who also commented on the extraordinary mechanical
properties that would be required to transmit the propellant thrust to
the base of the projectile. Apart from the technological difficulties
of high strength and high burning rate, Lee and Laidler did not dis-
cern any fundamental obstacles to the implementation of the traveling
charge concept. :

Vinti noted that the pressure on the unreacted side of the gas/
propellant interface would exceed that of the reactants and that the
excess would be proportional, in some fashion, to the regression rate.
The excess 1s, of course, the contribution of momentum flux to the
total propulsive thrust. Accordingly, the Langweiler concept does not

4Langweiler, H. "4 Proposal for Increasing the Performance of Weapons
by the Correct Burning of Propellant”

British Intelligence Objective Sub-Committee, Group 2,

Ft. Halstead Fxploiting Center, Report 1247 undated

5Vinti, J. P. "Theory of the Rapid Burning of Propellants”
Ballistic Research Laboratories Report No. 841 1952
6

Lee, L. and Laidler, K. J. '"The Interior Ballistics of the Impulse
Propulston Gun" Nord 10260 Contract Report ci/r/5I.2, August 19561

12




operate on a constant pressure cycle. The pressure at the base of the
propellant increases with travel and it is this pressure, moreover,
which the tube must support. In Vinti's opinion, the resulting com-~
bination of maximum pressure and muzzle velocity would not differ
appreciably from that obtained using a conventional charge.

A more serious objection to the traveling charge concept of
Langweller was also expressed by Vinti. He observed that as the pro-
jectile velocity increased to a value exceeding the speed of sound in
the reactants, the law of burning would be required to yield super-
sonic reactants, as perceived by an observer moving with the regressing
surface. From the theory of the steady deflagration of a gas it has
been shown, for all models of flame structure which have been inves-
tigated7,8,9,10, that such a process cannot occur. It was concluded
by Vinti, therefore, that the Langweiler concept would be inherently
incapable of realization once the velocity of the projectile exceeded
approximately 1.0-1.5 km/sec, which is the velocity of sound in present
day propellant formulations.

We now add to these earlier caveats some considerations of our own.
First we observe that the traveling charge is represented as self-
supporting. It is not difficult to show that alternative designs in
which the propellant is supported by some structural member lead to
rather unattractive payload capacities, most of the projectile weight
being concentrated in the propellant support system. If the propellant
is unsupported, and required to transmit compressive stresses of the
order of 500 MPa, we may expect its mechanical response to enter the
hydrodynamic regime. That is to say, the components of the stress
deviator are not expected to exceed the yield strength--typically of
the order of 5-10 MPa in current compositions--so that the stress
tensor can be regarded as isotropic, to a good degree of approximation.
This implies that the radial stress exerted on the gun tube by the
propellant will be approximately equal to the axial stress--as already
assumed by Vinti., Therefore the problem of mechanical resistance due
to wall friction must surely be considered.

Consider next the conditions as the projectile approaches the muzzle
of the gun. Suppose that the ideal combustion model of Langweiler has
indeed been realized. The pressure of the gas is therefore some large
value. Yet the design constraints associated with muzzle blast require
that the pressure be suitably limited. Therefore, either the initial
gas pressure must be conflned to that 1limit or burnout must occur :prior
to muzzle exit.

7. ..
Friedrichs, K. 0. '"On the Muthematzcal Theory of Deflagrations and
Detonations" - NAVORD Report 79-46 1946

8 . .
Courant, R. and Friedrichs, K. 0. "Supersonic Flow and Shock Waves”
Interscience, New York 1948

9Wi22iams, F. A. "Combustion Theory"
' ‘Addison-Wesley 1965

Landau, L. D. and Iifschitz, E. M. "Fluid Mechanics"
’ Pergamon Press 1959
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If burnout occurs, there will be imposed on the gas column a rare-
faction wave which will accelerate it towards the muzzle. If enough pro-
jectlle travel occurs between burnout and muzzle exit, the velocity profile
will resume the distribution characteristic of the conventional charge.
From the point of view of a global energy balance, therefore, the potential

ballistic benefit of the traveling charge is apparently diminished following
burnout of the propellant.

As a final observation we note that when burnout occurs, the velocity
of the gas is required instantaneously to adjust to that of the projectile.
Since the jump in velocity may be of the order of the speed of sound, the
concomitant drop in pressure may be very large. Two consequences follow
from this observation. First, the propulsive capacity of the gas after
burnout will be diminished due to the sharp drop in base pressure. Second,
a strong tensile wave will be transmitted through the projectile and me-
chanical failure might be a concern if sensitive fuzing or guidance com-
ponents are present.

The loss of propulsive capacity following burnout suggests that the
optimum use of a traveling charge will involve a design in which burnout
occurs close to the muzzle. If the pressure drop associated with burnout
is sufficiently great, it may be possible to satisfy the constraint as-
sociated with blast while operating from a high initial pressure.

From the foregoing discussion it is apparent that the evaluation of
the potential merits of the traveling charge concept must be performed in
the context of a model capable of recognizing the hydrodynamic implications
of certain hypothetical or ideal combustion laws. Specifically, we seek
herein to provide a model which is capable of answering questions of the
following type. What are the implications, in regard to performance, of
limiting the Langweiler combustion model to subsonic or sonic conditions?
As the Langweiler combustion model does not in fact yield a constant base
pressure on the projectile, would a more favorable ideal combustion model
be one in which the stress in the unreacted propellant, or the acceleration
of the projectile, were held constant? Would such an ideal law require
supersonic combustion? If so, what would be the losses associated with a
limitation to subsonic or sonic states in such cases?

1.2 Objectives and Scope of Present Study

The objectives of the present study are to formulate, encode and demon-
strate a model of an end-burning traveling charge. The model is required to
be of sufficient scope as to permit an assessment of the hydrodynamic and
ideal combustion limits on performance. However, parametric studies to
evaluate the theoretical performance of an end-burning traveling charge and
the formation of comparisons with conventional charge performance are not
within the scope of the present effort.

1.3 Summary of Approach

We first summarize the physical aspects of the model. Subsequently, we
will comment on the method of solution. The model is predicated on the nature
of the flow illustrated schematically in figure 1.1. The flow is assumed to
be one-dimensional without change of area. The gas is assumed to obey a co-
volume equation of state and is modeled as a one~dimensional, inviscid, un-
steady flow with an allowance for heat loss to the tube. The propellant may
be represented either as rigid or as a viscoplastic continuum in which an
allowance is made for the friction exerted on the tube.

14




The breech boundary condition may be represented either as closed or
as permeable to the gas. The latter case enables the application of the
model to vented chambers and to recoilless rifles. The code also permits
a simulation of the blowdown of the tube following the expulsion of the
projectile and any unburned propellant.

The interface between the gas and the solid propellant is treated
as ‘a discontinuity. A variety of models are provided to describe the
rate of burning. We have already noted that there are strong arguments
to deny the possibility of a steady deflagration wave with supersonic
reactants. These arguments are reviewed in Appendix A. We nevertheless
provide models of both subsonic and supersonic deflagrations. Our pur-
pose in providing the latter is principally to permit an assessment of
the extent to which the theoretical performance of an end-burning tra-
veling charge is limited by the restriction of burning to the subsonic
, or sonic conditions. »

Considering first the subsonic cases it follows that only one con-
dition may be imposed on the burning process. We admit any one of the
following. The burn rate may be described as a function of pressure
according to measurements. The burn rate may be required to yield the
ideal combustion of Langweiler. The burn rate may be required to yield
a predetermined value of pressure on the unreacted side of the gas/
propellant interface or to yleld a predetermined value of the accele-
ration of the projectile. Finally, the burn rate may be required to
yield a predetermined Mach number of the reactants, provided, of
course, that this value is less than one. In all these cases, the
subsonic nature of the flow demands that the reactants satisfy a con-
dition of mechanical compatibility with the column of gas.

If the reactants become supersonic, they are no longer required to
be mechanically compatible with the gas. The deflagration influences
but is not influenced by the motion of the gas unless a shock of suf-
ficient strength is formed to overtake the supersonic boundary. We
admit two possible models of a supersonic deflagration. .The first is
the Langweller model. In the case of supersonic burning, two con-
ditions may be imposed on the process. The Langweiler process may be
interpreted as specifying both the velocity and pressure of the reactants.
A second model is defined by specifying the Mach number of the reactants
~-greater than or equal to unity--and either the pressure on the un-
reacted side of the gas/propellant interface or the acceleration of
the projectile.

Full details of the physical model and the relevant governing
equations are given in chapter 2.0. 1In chapter 3.0 we describe the
method of solution which may be summarized as follows. A time dependent
. mesh is allocated subject to constraints on minimum mesh size and total
number of points. A two level explicit marching scheme is used to up-
date the state of interior mesh points and the method of characteristics
is used at the boundaries. Chapter 3.0 describes in detail the imple-
mentation of the various models of burning and also discusses the rules
according to which branching may occur among them during a given interior
ballistic cycle.

The method of solution is i1llustrated in chapter 4.0. A comparison

is given with an exact solution for a simple case to provide an absolute
benchmark of accuracy. A nominal traveling charge configuration is '

15



discussed to exhibit the degree of mesh indifference of the code and
the extent to which mass and energy are conserved on a global basis.
We also comment briefly on the ballistic consequences of friction
between the propellant and the tube.

The code itself is described in Appendix B which contains tables
of the various routines and their linkages, a glossary of variable names,
and the format of the data used to run the code. A Fortran IV listing
1s also attached.

16



2.0 GOVERNING EQUATIONS FOR MODEL

The governing equations for the model consist of one-dimensional
time-dependent statements of the balances of mass, momentum and energy
supported by constitutive laws and subjected to boundary and initial
conditions. The gas is always treated as a continuum as described in
section 2.1. The unreacted propellant may be represented either as a
continuum or as a rigid body, according to the interests of the user of
the model. The equations in the continuum case are described in section
2.2 while the case of rigid body motion is included with the discussion
of the motion of the projectile in section 2.3. The constitutive laws
are described in section 2.4. The discussion of section 2.4 includes
the equations of state for the gas and the solid propellant, heat loss
to the tube, friction between the tube wall and the solid propellant,
resistance to projectile motion and, finally, the description of non-
ideal rates of burning such as those determined experimentally. The
analysis of ideal burn rates, in which the reactants are required to
come to rest or to attain a prespecified Mach number or to induce a
predetermined level of acceleration of the projectile or of stress in
the unreacted propellant, are described in section 2.5 which treats the
boundary conditions. Finally, section 2.6 of this chapter discusses the
initial conditions; when the propellant is burning vigorously at the ini-
tial instant, these may be non-trivial. The method of solution of the
governing equations is the subject of chapter 3.0.

2.1 Balance Equations for Gas

The motion of the gas is assumed to be one-dimensional, unsteady,
inviscid and non-heat-conducting. However, the loss of heat to the tube
wall is considered in the .balance of energy. Using t to represent time,
X to represent the axial coordinate and p, u, p, e to represent the
density, velocity, pressure and internal energy of the gas, the balance
equations may be expressed in the usual forms

Balance of Mass

3,3 |
5t + 3 PU 0 | 2.1.1

Balance of Momentum

;ﬁ; + 5 (pu +gp) = o 2.1.2

Balance of Energy .

2 ) 2

o(e + ) +-3L ou(e +-2 + ) = - 2.1.3
ox 2g qw

at

Here we have also 'used q, to represent the heat loss per unit volume of
gas per unit time and g, is a constant used to reconcile units. -
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It is well known that these equations are of the hyperbolic typeg.
That is to say, there exist real lines on which the equations reduce to
ordinary differential forms involving only derivatives along the lines
in question. The lines are referred to as characteristics and the dif-
ferential forms are called conditions of compatibility. The existence of
the characteristic lines follows naturally from a consideration of the
Cauchy problem for the quasi-linear systeml

3y Y _
ASE+B-=C 2.1.4

where ¥ and C are k-dimensional vectors and A and B are k x k matrices.
Consider the transformation (x,t) - (s,n) so that 2.1.4 becomes

[Ant + an]lpn =C - [Ast + Bsx]lpS . 2.1.5

where the subscript denotes a partial derivative. Let the vector Y be
specified on the initial line n = n,. Then the line is' called free if
2.1.5 permits the determination of the normal derivatives and charac-
teristic if it does not. The importance of this point is simply that if
the normal derivatives can be determined, successive differentiation will
permit the determination of derivatives of all orders with respect to n

so that the solution can be obtained in a neighborhood of the initial data
by means of Taylor's theorem.

Evidently, the condition that the line n = n_be free is that the
rank of the matrix °

A =An_ + Bn
t X

be r(A) = k whereupon 2.1.5 has a unique solution for the components of
wn. When r(A) < k the line n = n0 is characteristic. However, if the
equation 2.1.5 is to hold at each point on such a line, the initial data
are not arbitrary, but are constrained by the condition of solvability
for the linear system 2.1.5, namely

) = £

where at = {a; ¢ - [As, + Bsx]ws] is the augmented matrix. These condi-
tions of solvability yleld the conditions of compatibility for each
characteristic line.

A convenient choice for the parameter s is s = t. However, it must
be borne in mind that Vg is a derivative with n held constant so that
Vg = ety + Yyx . One may also use the relations dx/dt = xg/tg = —nt/nx,
where dx and dt are understood to be differentials along the line n = n

b
to recast A and A+ as: °

A

A+

Adx - Bdt 2.1.6

[A; C-A g%] 2.1.7

17 ’
Petrovsky, I. G. "Partial Differential Equations™
Interscience, New York 1954
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By eliminating e in favor of p and p in 2.1.3 and introducing the
isentropic sound speed ¢, it is easy to to show that the system 2.1.1,
2.1.2, 2.1.3 yields the following characteristics and conditions of com-
patibility. On the lines designated by ng whose slopes satisfy

dx
—_— + E
at u-_ c | , 2.1.8
we have the conditions of compatibility
dp,pedu_ __w : 2.1.9
dt 8, dt cgg) :
ap'p
while on the line Fgo whose slope satisfies
dx
at u | 2.1.10
we have the condition of compatibility
2
dp _cfdo W 2.1.11
dt g dt p(k ,
ap’p

+ - . . s o
We will refer to T and T as the acoustic characteristics and T
will be referred to as the gas~material characteristic. &

2.2 Balance Equations for Solid Propellant

When the propellant is represented as a continuum, it is taken to be
one-dimensional, unsteady and isothermal. Accordingly, we require only
the balances of mass and of momentum. We use Pps Up and ¢ to represent
the density, velocity and pressure in the propellant. The balance of mo-
mentum also incorporates the influence of friction due to the contact of
the propellant with the tube wall. We have

Balance of Mass

p_ :
_Rat + 3% PpU = 0 » | 2.2.1

Balance of Momentum

3 3 2
—_— +—. = 2.2-2
3t ppup Ix [ppup + gool fw

The pressure is not assumed to be an integrable function of density
since the stress response of the propellant is expected to be path de-
pendent in general. We anticipate the discussion of section 2.4.2 by
noting that we take the pressure and density to be related by

2 3p ap : .
g % _a” . 'p _P .
3t + up % 5, [at + up ax] 2.2.3

where a is the rate of propagation of small disturbances and is, in general,
dependent on both density and rate of change of density.
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The procedure summarized in the previous section may be applied to
equations 2.2.1, 2.2,2 and 2.2.3 to yield the following characteristic
lines and conditions of compatibility. On T * defined by

P
%% =uta ‘ 2.2.4
we have the conditions
do 4, i%=+af 2.2.5
dt‘pgodt T Tw e
‘while on Ppo defined by
%% = up 2,2.6
we have .
do _ a2 %p | 2.2.7
dt g, dt

Equation 2.2.7 is, of course, just a restatement of equation 2.2.3.

2.3 Motion of the Projectile

The projectile 1is treated as a rigid body whose motion is resisted by
the pressure of shocked air ahead of it and by friction between its ob-
turating band and the tube wall. The resistive terms are described in
section 2.4.5; here we simply represent the total resistive force by F.
Using XP to denote the position of the projectile at any time, M_ to de-
note its mass, Aj to denote the bore area of the tube and G(Xp) to denote
the pressure at the interface between the solid propellant and the pro-

jectile base, the equation of motion of the projectile takes the simple
form

MPXP = go[Abo(Xp) - F] 2.3.1

where a dot is used to denote a total derivative with respect to time.

In the preceding section we described the analysis of the propellant
viewed as a continuum. If its mechanical response is not of interest it
may be viewed as a rigid body and its motion incorporated with that of
the projectile. Let the position of the regressing propellant surface
be denoted by x,, relative to the same origin as Xp: let the instantaneous
mass of the propellant be m, and denote by r the rate of regression rela-
tive to the unreacted propeElant whose velocity is equal to that of the
projectile, namely Xp. Evidently

r=x ~-X 2.3.2

P P

Moreover, letting p be the constant value of propellant density in the
case when it is viewed as a rigid body, we clearly have

n o= - r 2.3.3
P Abppo ,
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If o(x,) is the pressure on the unreacted side of the regressing sufface,
it folEows that the equation of motion of the propellant and the projec-
tile, viewed as & single rigid body, is just

(Mp + mp) XP = go[Aho(xp) - F] 2.3.4

Equation 2.3.4 can be deduced either from 1imifing arguments in which x
. : . . X P
is approached from the unreacted side or by considering a balance of
momentum for a control volume which instantaneously envelopes the pro-
jectile and unreacted propellant. In the latter case one has

d . . .
— XM +m)] = o(x ) - F] - rX

E R0, )] = g lao(x) - T - ek,

Then the substitution of 2.3.3 into this result yields 2.3.4.

2.4 Constitutive Laws

We use the term constitutive law in a broad sense here to denote not

only the equations of state for the gas and the solid propellant but also
the equations governing heat loss, friction and measured rates of burning.

2.4.1 Equation of State of Gas

The gas 1s assumed to obey a covolume of state. Thus we have

_P(1 - bp)

o — Do 2.4.1
where c_ is the specific heat at constant volume, b is the covolume, Yy
is the ratio of specific heats, and we have used T to denote the tem-
perature. If R is the universal gas constant and ¥ is the molecular
weight of the gas we have cy = B/M/(y - 1). Moreover, from 2.4.1, we
have the partial derivative

de l - bp '
ey - =~ 0P 2.4.2
<3p> p{y - 1) :
p . .
as required by equations 2.1.9 and 2.1.11. Finally, the isentropic sound
speed follows as

o g P
“ p(1 - bp)

e=¢T
v

c 2.4.3

2.4.2 Egquation of State of Solid Propellant

From our formulation of the equations of motion of the solid propellant
viewed as a continuum, it is evident that we anticipate finite strains. As
reflected by equdtion 2.2.3, we embed the equation of state into the func-~
tional dependence of the rate of propagation of -small disturbances on den-
sity and the rate of change of density. The general constitutive model for
the response of the propellant may be thought of as viscoplastic since 2.2.3
expresses a differential relationship between stress and strain. Moreover,
the relationship need not be reversible. However, hereditary behavior is not
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considered here. Viscoelastic or hereditary behavior requires that deri-
vatives of different orders be applied to stress and strain in the consti-
tutive relationship. For example, strain-rate may be proportional to
stress so that elongation continues while the stress is held constant.

The use of 2.2.3 implies that density, or strain, will change only under
the action of a change in stress. Since propellants do exhibit visco-
elastic properties at moderate rates of strain and at ambient temperature,
the use of 2.2.3 implies that the characteristic time associated with the
application of the load must be short in comparison with the internal
relaxation times.

The equation for the rate of propagation of small disturbances has
been assumed 'here to take a particularly simple functional form, namely

a, pP/pr , loading

a, > unloading or reloading

Here p is the density at ambient conditions and aj is the corresponding
rate o%opropagation of a compressive wave. - If E 1s the modulus of com-
pression of a laterally confined sample of propellant subjected to small
loads, then a; = »’goE/pp . To be physically meaningful, the unloading
or reloading wave speed a; should exceed the loading wave speed for all
values of Pp- In fact 2.4.4 has been encoded so that if ap = 0, a rever-
sible law is used based on the loading branch of 2.4.4.

Unloading, reioqding and loading are defined by reference to the
rate of compression p, = 3p./3t + u,dp,/9x and the nominal loading curve
p P P " P
defined by

a 2p
17p p
- 0 [, P33 _
o*(op) 3 [(p ) 1] 2.4.5
[o] po

The propellant is unloading if 5p < 0; loading if 5p >0 and 6 = 0,3
reloading if 5p >0 and 0 < o,.

Expressed in the form 2.4.5, the nominal loading curve is seen to be a
special case of that proposed by Murnaghan12 in connection with the finite
deformation of solids; in the general case the value 3 is replaced by k in
both the exponent and the pre-multiplying group of 2.4.5. The functional
dependence of .a on p, and p_ has been encoded in a modular fashion so that
modifications may be made egsily when the availability of data so warrants.

2.4.3 Heat Loss to the Tube

We use a very simple model for the heat loss to the tube, it being
understood that our interest in heat loss is confined to its ballistic
consequences, particularly the degradation of muzzle velocity. The tube
wall is treated as though its temperature remained constant at the ini-
tial value T... The heat loss is determined by means of an empirical cor-
relation for the film or heat transfer coefficient based on fully

I%Mrnaghan, F. D. '"Finite Deformation of an Elastic Solid."
Dover, New York 1967
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developed turbulent flow in a pipe. Both the assumption of constant wall
temperature and that relating to the heat transfer coefficient are very
crude; however, they involve errors which tend to compensate one another.
The wall temperature will, of course, increase substantially during the
interior ballistic cycle. A consequence of this increase will be a re-
duction in heat transfer which is proportional to the difference between
gas temperature and wall temperature. On the other hand, the boundary
layer is expected to be very much thinner, due to the short time available
for its development, than is represented by a correlation based on a fully
developed flow, and the film coefficient correspondingly greater. Thus
the assumption of constant wall temperature implies an overestimate of
heat loss which is compensated by the underestimate based on a film co-
efficient for fully developed flow.

The film coefficient is represented in the empirical forml$

h = £ [0.023 Re */*pr?/>) 2.4.6

D D
where h is the film coefficient, ¢ is the thermal conductivity of the
gas, D is the diameter of the tube, Rep = plulD/u is the Reynolds number
based on D, Pr = cpu/K is the Prandtl number of the gas and u is the
viscosity of the gas.

Then the heat loss per unit volume of gas is seen to be related to
h according to :

q,
Using 2.4.6 and eliminating k¥ in favor of h and w we have
. -3/5
c uPr " 4/s _ .
q, =Q, 5 Rey ' (T - T) 2.4.8
D
where = (0,092 according to 2.4.6 and 2.4.7. The precise value of
is, however, at the discretion of the user, to facilitate ballistic

matching.

4 S
= (T - T )Hh 2.4.7

2.4.4. Friction Between Propellant and Tube

The solid propellant is not expected to be able to sustain the axial

_stresses induced by the base pressure without the support of radial con-

finement. Indeed, the strength of current formulations is such that the
radial component of stress will be quite close in value to the axial
stress at any point. Such hydrodynamic behavior is typical of solids
stressed significantly beyond the material yield point. As a consequence,
mechanical interaction between the solid propellant and the tube wall is

- expected to be important and, in particular, the resistance due to friction

may be of importance in many cases.

13
Holman, J. P. '"Heat Transfer" MeGraw-Hill, New York 1968
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In order to assess the ballistic losses associated with friction
between the so0lid propellant and the tube we provide two simple models.
The first model takes the frictional resistance f to be proportional to
the local value of the pressure in the form v

4
fw -3 uw(up)o Sgn(up) 2.4.9

where u, 1s a velocity dependent cdefficient of friction and Sgn denotes
the sign function.

Alternatively, if a gas film of viscosity u_. and thickness §_ can
be interposed between the propellant and the tube wall, the resisgance fw
becomes 10
u
£ u 2.4.10
6¢ P ,

f = -
w

o&

and is proportional to velocity rather than pressure.

2.4.5 Resistance to Projectile Motion

The resistance to projectile motion is considered to stem from two
sources. We write

F=A (o, +p,4) 2.4.11

where p, 1s the pressure exerted by the air in front of the projectile
and Py .d reflects the resistance due to the obturator or rotating band
and is also expressed as a pressure. The resistance due to the air in
front of the projectile is determined from the pressure behind a shock
whose strength 1s such that the compressed gas has a velocity equal to
that of the projectile at any instant. Then if the unshocked air is
taken to be at rest with pressure p, and speed of sound c¢,, it follows
that p, is given by
A ) §R+[f(2
P, =P 1 (L+w) [

2.2 2.1/2
+ 4(1 - u) <, ] / - 5
1= v 2.4.12

2
2(1 - )c0
where u2 = (Ya - 1)/(y4 + 1) and y, is the ratio of specific heats of air.

The resistance due to the obturator may be given in one of two forms.
Either it is prespecified as a tabular function of projectile travel or it
follows from an estimate of the normal force between the obturator and the
tube wall as follows.

Let 0, and o, represent the axial and radial components of stress in
the projectile and, following the usual convention, let them be positive
in tension. Let the length of the obturator, %, be sufficiently small that
we can typify adequately the state of stress by the values at its midpoint.
Let My be the projectile mass which is supported by a section through the
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midpoint of the obturator and let u ; be the coefficient of friction
between the tube and the obturator. A balance of axial forces yields

ﬂD2 nDzb

4 CIz 2 uwb

o] +E"ix-=0 2.4.13
r 8, P
On the other hand, taking the tube to be sufficiently stiff that

radial strains do not occur, and supposing the behavior of the projectile
to be elastic, the axial and radial strains are related according tol4

¢ =—2—g 2.4.14
r l1-v 'z

where v is Poisson's ratio. Substitution of 2.4.14 into 2.4.13 yields the
value of Oy whereupon the resistive pressure due to the obturator takes
the form

p = Dbty i 2.4.15
band gonD 1-v 23 _ ulbD :
v 4 2

Equation 2.4.15 is appropriate to the case when there is no initial inter-
ference between the band and the tube. . If such an interference does exist,
we assume it to be characterized by an initial shot start pressure Pg-

Then the value of Ppypd 8iven by 2.4.15 is augmented by the quantity

uwb(X )ps/uwb(O) in which the coefficient of friction is assumed to depend
on velocity.

2.4.6 Propellant Burn Rate (Measured)

It is assumed that if data are available to describe the burn rate
of the propellant, the functional relationship has the usual form

r=B, +Byp" 2.4.16

in which B4, By and n are parameters which may take different values for
successive segments of the propellant. The value of p is assumed here
to pertain to the reacted material. Burn rates of the form given by equa-
tion 2.4.16 are only well posed physically when the reactants have a sub-
sonic velocity relative to the regressing surface. Further discussion of
this point is contained in Appendix A.

2.5 Boundary Conditions

The boundary conditions are of several types and are discussed in
several subsections. Conditions at the breech, which may be either closed
or open, are discussed in section 2.5.1. In section 2.5.2 we consider
first the conditions at the base of the projectile when the propellant
has not burned out.  Subsequently we consider the change in conditions

ngung, Y. C. 'Foundations of Solid Mechanics" Prentice-Hall, 1965
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at burnout. Finally, we note the conditions which apply following the
exit of the projectile, if blowdown of the tube is of interest. The
boundary conditions then apply to the open muzzle and the discussion is
similar to that of section 2.5.1. The conditions at the regressing in-
terface between the reacted and unreacted propellant are discussed in
section 2.5.3. This section also addresses the analysis of the ideal
rates of burning. -

| : 2.5.1 Breech (Closed or Open)

The boundary conditions at the breech are taken to apply only to the
gas as the solid propellant is assumed never to approach the breech. When
the breech is closed there is but one condition to consider, namely the

| vanishing of the velocity of the gas. If we take the breech as the ori-~
gin of the axial coordinate x we therefore require

u(0,t) =0 , allt 2.5.1

When the breech is open it is assumed to be connected to the exterior
via a nozzle whose throat area is Aj; and whose discharge coefficient is
Cpp. We assume CppAx < Apy. The external pressure is assumed to be neg-
ligible by comparison with the stagnation pressure at the boundary. There-
fore, we do not consider the possibility of a totally subsonic efflux
and the external venting area is of no concern.

| The critical mass flow rate corresponding to sonic conditions at the
throat may be approximated with sufficient accuracy by the equation’3

£
=l

. yg M Y- ‘
M = CpphePgrac EE—Q——cfﬁi {1~ 0.224y + 0.104y2}  2.5.2
STAG Y

where y = (bpSTAGM)/(RTSTAG). This result is strictly true only for the
case y = 1.25, but we regard the evaluation of the covolume correction
for other values of y to be unnecessary in view of the smallness of the
correction. The stagnation temperature and pressure are related to the
boundary values according to

T X
Psmac = PO D T 233
and 5
| T o /28, * (P ~ Psrad) 2.5.4
STAG c

P
where the unsubscripted quantities represent the boundary values.
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Because the flow is unsteady, it is not necessarily the case that
the Mach number M = |u|/c is limited to values. less than or equal to
unity. However, -we suppose that quasi-steady arguments do apply to the
gas between the boundary and the exterior. Then the rules governing the
discharge may be stated as either M > 1 and t = pAblu] < mx or else
m = mx. As noted above, the case M < 1 and m < mx 1s not of interest since
the external pressure 1is .assumed too low to allow a totally subsonic dis-
charge. Since discharge is expected to commence with a Mach number less
than or equal to unity, a transition to supersonic venting requires that
a sufficiently strong compression wave impinge upon the boundary, the
strength increasing with the excess of Ab over CppA,. In principle, if
Ap > CDBA*’ a shock is required.

A different situation arises in the case of venting through theb
muzzle after the projectile has exited. Then the flow may initially be
supersonic as we comment further in the next section.

2.5.2 Projectile Base and Muzzle Following Projectile Exit

Considering the conditions which apply at the base of the projectile
it is clear that prior to burnout, when the propellant . is represented as
a continuum, we have

X ,t) = X - ) 2.5.5
up (Ko £) = X,

‘and, following burnout of the propellant, we have the corresponding

N

condition on the gas, namely.

u(Xp,t) Xp . . 2.5.6
The transition from 2.5.5 to 2.5.6 occurs at the instant of burnout.
Because the sudden application of 2.5.6 to the gas may represent an in-
stantaneous increase in velocity comparable in magnitude to the speed

of sound, it is accompanied by a rather large drop in pressure. This
point is discussed further in chapter 3.0 when we consider the numerical
determination of the boundary values. ’

-In some instances it will be of interest to continue the solution

following the exit of the projectile from the muzzle. The histories of

muzzle pressure and temperature are of interest since they are connected
with problems of blast and flash. 1In almost all cases of interest the
flow will be supersonic at exit, provided that burnout has occurred.

The discharge at the muzzle is presumed to be characterized by a discharge
coefficient Cp Critical flow is determined by equation 2.5.2 with
Cpmyz in place o% Cpp and Ag in place of A, If Ch DMU = 1, and the dis-
charge is initially supersonic, it will remain so until the Mach number
reaches the value unity whereupon 2.5.2 will govern the discharge and the
Mach number will remain equal to one. As with the treatment of the breech,
subsonic venting is not considered. If the discharge is initially super-
sonic but C DMUZ < 1, an abrupt transition will occur when the Mach number
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decreases to a point at which the flow cannot be passed through the
effective throat area ApCpypyz. Physically, the occurrence of choking
will result in the rearward propagation of a shock or strong compression
wave to decelerate the supersonic flow. The magnitude of the jump will
be proportional to the degree of departure of Cpyyy from unity.

On the other hand, if the discharge 1is initally subsonic, choking
will occur at the instant of expulsion of the projectile and a rare-
faction will be propagated rearward to accelerate the flow.

2.5.3 Gas/Propellant Interface

The layer in which the unreacted propellant is thermally stimulated,
decomposes, and releases its energy of chemical bonding, is assumed to be
sufficiently thin that it may be represented as a surface of disconti-
nuity. Further discussion of this assumption 1s given in Appendix A.
Using the previously established nomenclature, we may express the prin-
ciples of comservation of mass, momentum and energy for the propellant
transported across the surface of discontinuity in the following forms.?

e Y=-0r 2.5.7
o (u xp) ey | |
P - .2 Pp 2
p+ (u-x)" =0+ r 2.5.8
g, P g,
P 1 2 o r
e+~ +—— (u~x) =e +—+T— 2.5.9
p Zgov p p Py 358

Here e, may be understood to mean the chemical energy released following
decomposition of the propellant. We also note

X =u +r 2.5.10
P P
which 1s identical with 2.3.2 when the propellant is taken to be rigid.
Of course, if the propellant is not burning as may be required in certain
ideal cases, 2.5.7, 2.5.8 and 2.5.9 are replaced by the conditions of
continuity of pressure and velocity.

Because the regressing surface is presumed to be a deflagration wave,
its velocity of advance relative to the unreacted propellant must always
be subsonic 8. Accordingly, when the propellant is treated as a con-
tinuum, it follows that the characteristic lines T _© and T,” both inter-
cept the regressing surface and impose conditions of compagibility be-
tween the boundary values on the unreacted side and values in the interior
of the propellant. Further discussion of the application of this obser-
vation is given in chapter 3.0. Because of the two conditions of com-
patibility, the three quantities o, up and Pp are not all independent of
the state of the interior. We may regard ¢ as the independent member
which, when specified, yields unique values of u, and p, which are com-
patible with the interior state of the propellant. On the other hand,
if the propellant is treated as rigid we have p, = Ppy> @ constant, and
up = which is, in turn, a function of 0. Accordingly, we may consider
0 as the only unknown quantity pertaining to the state of the unreacted
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propellant and that u, and p, are either given or follow from the condi-
tions of compatibility. From this perspective therefore, we have five
independent quantities to be determined at the interface, namely p, p,
u, ¢ and r. The internal energy e is, of course, given as a function

of p and p and x, 1s related to and r via equation 2.5.10. Thus we
have three conditions, equations 2.5.7, 2.5.8 and 2.5.9 to determine
five quantities. Clearly, we need two additional independent relations.

When the reactants are subsonic, as viewed from the regressing sur-
face, it follows that characteristics of the T + family intercept the
boundary and impose a condition of compatibili%y with the state of the
interior of the gas. Thus, whenever the reactants are subsonic there
remains just one additional condition which may be applied to the boun-
dary values independently of the principles of conservation of mass,
momentum and energy and of the requirement that the state of each side
of the interface be compatible with the contiguous substance.

In the event that the reactants are subsonic -we consider that the
remaining boundary condition may be any one of the following.

(a) Measured Burn Rate (With Subsonic Reactants)

When measurements of the burn rate as a function of
the pressure of the fully reacted gas are available, the
burning rate law, in the form 2.4.16 completes the deter-
mination of the boundary values.

(b) Ideal Burning of Langweiler (With Subsonic Reactants)

According to the ideal traveling charge model of
Langweiler4 the reactants are to be brought to rest once
reaction is complete. The condition u = 0 serves to com-
plete the determination of the boundary values.

{(c) Prespecified Value of Pressure on Unreacted Side or of
Acceleration of Projectile (With Subsonic Reactants)

It is easy to see that if the ideal combustion of
Langweiler commences from some initially quiescent state
then the pressure of the reactants remains constant in
time and uniform over the length of the gas column. How-
ever, the pressure on the unreacted side of the inter-
face exceeds that in the gas by an amount which increases
with the velocity of the projectile, the excess being due
to the momentum jump at the interface and representing the
contribution of momentum flux to the total thrust. From
this point of view, therefore, the Langweiler concept
departs from the traditional concept of an ideal interior
ballistic cycle. The continual increase in the pressure
of the unreacted propellant implies that the tube must be
able to support a value which is higher than the average
value used to propel the projectile. 1In addition, while
the pressure is increasing, the total mass of the propelled
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body, namely the projectile plus the unreacted propellant,
is diminishing due to consumption of the propellant. Thus
the acceleration of the projectile increases even faster
than the pressure. In some cases the maximum allowable
acceleration of the projectile may be constrained by struc-
tural considerations.

" A direct statement of the traditional concept of a
constant base pressure gun may be expressed by requiring
that the pressure on the unreacted side of the interface
be equal to some predetermined value. Such a condition
then allows the determination of all the boundary values.
If, alternatively, the structural limitations of the pro-
jectile are of concern, it may be desired to hold the
acceleration equal to some limiting value. When the
propellant is treated as a rigid body, equation 2.3.1
enables the direct translation of the condition on accele-
ration into a condition on the instantaneous value of
the pressure on the unreacted side of the interface where-
upon all the boundary values may be determined.

When the propellant is treated as a continuum it
does not necessarily follow that the maximum pressure
will occur at the interface since transient phenomena
govern the distribution throughout the unreacted pro-
pellant. The pressure on the unreacted side may never-
theless be prespecified and, once given, will allow
the determination of all the boundary values.

Similarly, the use of 2.3.1, in the case when the
propellant is treated as a continuum, enables an in-
stantaneous value of the pressure on the unreacted side
to be determined. However, it no longer follows that
the acceleration of the projectile will be equal to the
desired value.

Therefore, while we have encoded the possibility
of an ideal combustion which yields either a predetermined
value of pressure on the unreacted side or an equivalent
value based on equation 2.3.1 and a prespecified value of
acceleration, it should be understood that only when the
propellant is treated as rigid will the desired ballistic
consequence--control of maximum pressure or of projectile
acceleration--be attained precisely. Transient phenomena,
which will be determined by a continuum representation,
may defeat the intended objective of the ideal law.

(d) Predetermined Mach Number of Reactants (Subsonic)

A final condition which we have considered is that the
Mach number of the reactants be equal to some predetermined
value. Given such a value, less than unity, all the boun-
dary values may be found.
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The preceding discussion has addressed several different conditions
which may be applied, singly, to complete the specification of the boun-
dary values when the reactants are subsonic. It may be of interest, as
already mentioned in chapter 1.0, to consider an interior ballistic
cycle in which the combustion 1s limited by more than one of the fore-
going, the most limiting being considered at each stage of the cycle,
with branching from one to another as the cycle unfolds. TFurther dis-
cussion of the manner in which the branching is conducted 1is given in
chapter 3.0.

To conclude the present discussion we comment on the conditions to
be considered when the reactants are supersonic as viewed from the re-
-gressing interface. As discussed in Appendix A, there are strong argu~
ments to suggest that a steady combustion process with supersonic re-
actants cannot occur or, if it does occur, is completely unstable.
Possibly, if the flame 1is sufficiently thick and sufficiently unsteady,
supersonic reactants could result. In any case, it may be of interest
to ascertain whether there is indeed any ballistic benefit to be gained '
from a combustion process with supersonic reactants. For this purpose
we have encoded conditions which do admit the possibility of a so-
called strong deflagration wave. ’ :

When the reactants are supersonic it is no longer the case that they
have to be compatible with the flow in the interior of the gas. They
influence, but are not influenced by the contiguous fluid as signals do
not propagate from the interior to the boundary ounce the flow at the
boundary becomes supersonic. In contrast to the preceding discussion of
the subsonic case, therefore, we require two independent conditioms to
determine all the boundary values. We consider the two following com-

binations. o

(a) 1Ideal Burning of Langweiler (With Supersonic Reactants)

When the reactants are subsonic and the initial state
is quiescent and uniform, the ideal combustion of Langweiler
involves the single requirement u = 0 whereupon the condi-
tion of compatibility on T + ylelds p = Pgr where Pgp is
the initial pressure of the quiescient gas column. When the
reactants are supersonic, members of T no longer inter-
cept the regressing surface and the co§dition u = 0 does
not imply P = PgT necessarily. However we may require
P = PgT as an independent condition on the supersonic reac-
tants. Thus in the supersonic case, the ideal burning of
Langweiler is described by two conditions u = 0 and P = Pgy
whereupon all the boundary values may be determined and,
moreover, the gas column remains quiescent.

(b) Prespecified Value of Pressure on Unreacted Side or of
Acceleration of Projectile (With Supersonic Reactants)

The previous discussion of this case subject to sub-
sonic reactants remains unchanged insofar as the
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relationship between the pressure and the acceleration
limitations is concerned. Therefore we predicate our -
subsequent discussion on the assumption that the pressure
on the unreacted side is predetermined. To complete the
determination of the boundary values we require an addi-
tional relationship which replaces the condition of com-
patibility on T *. We assume that this condition 1is
furnished as a predetermined value of the Mach number

M 2 1. It should be noted therefore that this case

does not require the regularity of the gas phase pro-
perties which results from the continuation of the
Langweller combustion into the supersonic regime.

2.6 Initial Conditions

The initial values for these quantities governed by ordinary dif-
ferential equations are the intuitively natural set. The projectile
is initially at rest, its position 1is known, and the propellant has some
predetermined initial mass. In cases when parametric studies are to be
performed, it may be desirable to compute these initial values so as to
satisfy certain system constraints. Inmany cases of Interest it is de-
sirable to assume that the ignition charge is of sufficient energy as
to elevate the chamber pressure to several hundred MPa, the initial
pressure being equal to the maximum pressure. In such cases, the con-
tribution of the igniter to the total mass and energy of the propelling
charge may be significant and must be accounted for in a parametric
study based, say, on a constant ratio of charge mass to projectile mass.
We therefore note some relationships among the charge parameters which
are useful in describing the initial conditions according to various
alternative schemes. The schemes admitted by the code are described in
Appendix B.

Let the initial volume of the gas be V = Abxbo where Xbg is the
length of the column at the initial instant. Let pgp be the initial pres-
sure. Let m and be the initial masses of the gas and the solid pro-

‘pellant and %gt W be £he charge to projectile mass ratio. If we assume

that the ignition gas is of the same composition as the propellant and
that it has been fully decomposed without the performance of extermal
work or heat loss, its internal energy will be the energy of bonding ep.
Thus we have

m = Vp = v : 2.6.1

& (v - 1 ep +b
Pgy

Therefore the following relationship holds between the mass of the pro-
jectile and the total mass of the propelling charge

WM o= m o+ — v 2.6.2 )

P P _ e
o (v - 1_p +b
Pgt
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When an ideal burn rate is used such that the regression rate .is zero
at the initial instant, the initial acceleration a 1is given by

g p .
=%¢—i.—f— | 2.6.3

P P,

a

provided that the propellant is viewed as rigid. Substitution of 2.6.3
into 2.6.2 yilelds a formula which relates the initial pressure to given
values qf a and W, namely

2.6.4

It should be kept in mind that -2.6.1 and 2.6.4 which depend on the assump-
tion that the initial energy of the gas is equal to ep are only strictly
true when the regression rate is initially zero, as will be clear from
the subsequent discussion of the continuu@ variables.

In principle, the initial conditions for the continuum variables
should express the state of the combustion chamber and the solid pro-
pellant directly after loading into the gun. That is to say, the gas _
should be air at ambient temperature and pressure, the propellant should
- be at ambient pressure, and both should be at rest. The model should
then reflect the influence of the igniter products which simultaneously
pressurize the chamber and provide a thermal stimulus to the propellant.
However, the present model does not reflect explicitly the influence of
the igniter. The characteristics of the igniter are taken to be em-
bedded directly into the initial conditions.

In those cases in which the propellant is taken to have a non-zero
burning rate at the initial instant, either due to a prespecified pres-
sure dependent burning rate or as a consequence of satisfying the pre-
determined condition on the pressure on the unreacted side of the inter-
face, the initial velocity distribution in the gas is taken to vary
linearly from the value zero in the breech to the value determined on
the fully reacted side of the interface. This provision eliminates the
necessity for dealing with a non-analytic initial condition. The pres-
sure and density are, however, uniform and are taken to be equal to the
boundary values on the reacted side of the interface.

The solid propéilant is always taken to be at rest. However, when

wall friction is considered we assume that the initial distribution of
pressure is such as to satisfy the condition of mechanical equilibrium.
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Then if o 1is the value at the unreacted side of the interface, the pres-
sure within the propellant 1s given by the distribution

a(x) = gexp {- é-I—J-(x - x )} 2.6.5
D P
where u 1s the coefficient of friction corresponding to uy = 0. This
initial distribution reflects the possibility of lockup of the charge

when its aspect ratio is sufficiently large.

The initial length of the solid propellant depends on the distri-
bution of pressure. Evidently we have the relation

X
P .
mpo = Ab/ pp(x)dx 2.6.6
v x
P .

where p_, is assumed to be related to o according to the nominal loading
curve 2.,4.5., The length is determined iteratively using a midpoint

search so that more complicated constitutive data can be accommodated
without changing the method.
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3.0 METHOD OF SOLUTION

Having summarized the governing equations for the model, we turn now
to the method of solution. The method of solution may be summarized as
follows. The physical domain occupied instantaneously by the gas 1is mapped
onto a unit line to yleld a stationary equally spaced mesh for the pur-
pose of obtaining a finite difference solution of the balance equations.
The same is true of the domain occupled by the solid propellant when it
is represented as a continuum. In each case the solution is advanced in
time by means of a two level predictor/corrector algorithm which uses the
physical balance equations at the interior mesh points and the charac-
teristic forms at the boundaries.

The mesh allocation algorithm is described in section 3.1 and the
computational form of the equations 1s described in 3.2. The procedures
for interior and boundary mesh points are described in sectioms 3.3 and
3.4 respectively. The chapter concludes with a discussion of speécial
considerations, such as the treatment at burnout, in section 3.5.

3.1 Mesh Allocation

The mesh 1s allocated dynmamically, the number of mesh points varying
from time to time in accordance with the following algorithm. The user
specifies two parameters which we refer to by their Fortran names, see
Appendix B, namely DXMIN, the minimum allowable mesh spacing in the phy-
sical plane, and MAXDIM, the maximum allowable total number of mesh
points to be used in the calculation. Then a total of NDIM mesh points
is allocated to the representation of the gas and a total of NDIM2 -NDIM
mesh points is allocated for the representation of the propellant, if it
is treated .as a continuum. The allocation is subject to the following
constraints.

X

—pP

ST T 2 DXMIN 3.1.1
X - x .
P P > DXMIN 3.1.2

NDIM2 - NDIM1
where NDIM1 = NDIM + 1, and the total number NDIM2 is required to satisfy

NDIM2 < MAXDIM 3.1.3

If the propellant is not treated as a continuum, 3.1.2 1is not used and
3.1.3 18 replaced by NDIM < MAXDIM. 1In addition, it is required that

each continuum region be sufficiently large that 3.1.1 and 3.1.2 will

admit at least three mesh points.

When the propellant becomes so short, as a consequence of burning,
that 3.1.2 will no longer admit three or more mesh points for its repre-
sentation, the code automatically resets an internal switch and the cal-
culation is concluded with the propellant treated according to a lumped
parameter formulation. Further discussion of this point is given in

section 3.5.
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The constraints 3.1.1 and 3.1.2 are used first to establish a total
number of mesh points to yield a resolution DXMIN. If 3.1.3 is satisfied,
the values NDIM, NDIM2 given by 3.1.1 and 3.1.2 are used to represent the
solution. If 3.1.3 is violated, the total number MAXDIM is allocated on
a pro rata basis in accordance with the numbers proposed by 3.1.1 and
3.1.2.

The mesh allocation algorithm is exercised at the beginning of each
integration step. From time to time the total number of mesh points al-
located to a region may vary. It then becomes necessary to interpolate
the existing arrays in order to create the new representation of the
solution.

We use the cubic spline interpolation scheme of Walsh et a115, sim-
plified to take advantage of the fact that the data are equally spaced.

Let ¢(x) be the interpolating function for data y; = y(x4), j = 1,. . .,n
and X;,. - x; = d where d is a constant. Let uj = ¢"(Xj;’ then we have
the intérpolation formula ’
= - + - ‘ .1.
p(x) = {(x xj)yj+1 (xj+1 x)yj}/d 3.1.4
- - - - + -
(x xj)(xj+1 x){(d + xj+1 x)uj d+x xj)uj+1}/6d
One may show that if we take S1 = 1 and put
S, = 1 - 1/(16S, ' 3.1.5
] /(16s,_)
7. == ¢ + - 2y) | 3.1.6
i 42 Vit T 7i-1 T Yy T
d
then, defining 22‘ = Z2 and putting
A
=1
z,' =2, - A== 152 3.1.7
3 3 4Sj_2
the values of u, follow as u, =y = 0 and
: _ j 1 n
. 1.
Ho_q = Zn—l/sn—Q 3.1.8
=(z.' -1 )s 3.1.9
L T T o S L e

18%alsh, J. L., Ahlberg, J. H. and Nilson, E. N., "Best Approzimation
Properties of the Spline Fit' :
' J. Math. Mech. 11, 225-234 1962
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3.2 Transformed Equations

Taking the origin to be at the breech it follows that the gas may
‘be mapped onto a unit line by the transformation

r = x/x 3.2.1
P .
It follows that the balance equations must be transformed according to

the rules

) 1 3 - : ‘

Py : 3.2.2
p

5 8 %o
=as=_-—-L22 : 3.2.3
at at X ag

P
We also note that for arbitrary ¢ .
’ X . .

12 - =13 - _ , P
x_ 9L W - )] X 9L ju X 9L v x . 3.2.4

p p P p

and where we have introduced n = gxp .

We now introduce the dependent variables

G1 = pxp 3.2.5
= = q ; .2.6
G2 Glu puxp 3
_ 2 - 2
G3 = Gl(e +u /2go) pxp(e + u /2go) 3.2.7

The transformed, or computational, form of the balance equations 2.1.1,
2.1.2 and 2.1.3 is then seen to be as follows.

3G G
1 1 .
5T + 2z | % (u-n)] =20 : 3,2.8
P
3G G
2 . 3 2 B
5t Yo lx (w-m 4+ pl=0 3.2.9
P ,
3G G
3 9 3 _ :
st T 3L [ x (u - n) +pu] = L 3.2.10

The balance equations for the solid propellant can be put into a form
analogous to 3.2.8 and 3.2.9. However, because of the differential
constitutive law 2.2.3, it is convenient to keep the total time derivative
of pp isolated. The computational form of the equations 2.2.1, 2.2.2

and 2.2.3 is as follows.

p u_ - n_ 9p o) Jdu )
P P P P P __P_
+ + 0 3.2.11
at Xp - xp 14 Xp - xp ar
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3u u_~- n_ du g f
FA A T cae i i 3.2.12
t - X - X T
p % % P T °p

2 3p u -n_ 3p
Bt - X Bc g at X - x_ 23z
P P P P

3.2.13

where, by analogy with 3.2.1, we have £ = (x -~ x_)/(X_ - x_) and
= Y - S P P P
np = Xp Ky - &)

3.3 Integration at Interior Mesh Points

The balance equations for the gas phase are integrated at interior
mesh points using the two-level predictor/corrector scheme of MacCormack’®.
Let wg be understood to mean the value of ¢ at the j-th mesh point and
the n-th step of the integration. Then 3.2.8, 3.2.9, 3.2.10 are put into
a finite difference form according to the following rules of discretizationm.

(wj - ¢;)/At , predictor

1

T 3.3.1
(¢§+1 - 1/2(33j + w?))/(At/Z) , corrector

and

¢ j+1 w ™/ , predictor

—g_];[;i—) 3.3.2
" "
(wj - wj_l)/ﬁc , corrector

where AZ is the nondimensional mesh spacing in the computational plane
and At is the time step through which the solution is being advanced. The
substitution of 3.3.1 and 3.3.2 into 3.2.8, 3.2.9, 3.2.10 at the predictor
level yields a system of linear algebraic equations for the predictor

quantities . Then the corrector level of the scheme is performed to
yield the vaiues wg+1.

Somewhat different rules are used to perform the discretization of
3.2.11, 3.2.12 and 3.2.13. - The rules for the time derivatives are as ex-
pressed by 3.3.1. However, first order upstream differencing is always
used for the convective terms and the remaining spacewise derivatives are
treated by centered differencing. That is

16Muc0brmack, R. W. "The Effbct of Viscosity in Hypervelocity Impact
Cratering” ATAA Paper 69-354 1969
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(ypq = V)82 ifu =n <0

- 3 _ ~ 3
(up 'np) ac 31 03

v
o

-9, /4 ifu -n
(wj wJ_1> g . n.p
at both predicfor and corrector levels. But
Y - lpj+1 B wjél . 3.3.4
aC 2Az c
applies to BuP/BC in 3.2.11 and to 3ag/3z in 3.2.12 at both predictor and

corrector levels.

We also note that the rule expressed by 3.3.1 serves to define an-
algorithm for the integration of the ordinary differential equations such
as 2.3.1, for example. .

In order to assure stability of the method it is necessary that the
time step be constrained. This point is discussed in section 3.5.

3.4 Integration at Boundary Mesh Points

The algorithms for the boundary points may be summarized in the fol-
lowing general form. The conditions of compatibility on those' charac-
teristic lines which intersect both the boundary and the line bearing the
data at the present step are used to determine linear relationships be-
tween the boundary values of velocity and pressure and between the boun-
dary values of density and pressure. These linear relationships are
combined with the physical boundary conditions and the combination is
then solved as a possibly nonlinear algebraic system, the method of solu-
tion varying in complexity in accordance with the nature of the boundary
conditions.

We first indicate the manner in which the characteristic forms of
the equations are used to establish linear relationships among certain
of the boundary values, taking the gas-permeable breech as an example.
The procedure at other boundaries is completely analogous. Subsequently,
we will consider the impact of the physical boundary conditions, pro-—
ceeding case by case through a number of subsections.

The sketch below illustrates the conditions pertinent to the subsonic
At efflux of gas through the breech and
is expressed in terms of the physical
coordinate x. The point 1 is under-
stood to correspond to the state of

the boundary at the next step of the
integration. The points 2 and 3 cor-
respond to the boundary and the ad-
jacent mesh point at the present step.
The point 5 corresponds to the inter-
section with the line of present data
of the characteristic T',” which also
intercepts the point 1.  Similarly,
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°. the material characteristic intercepts the boundary at 1 and the

1§ne of present data at 4. If the boundary were impermeable the point 4
would coincide with 2. If, on the other hand, the efflux were suffi-
ciently intense as to become supersonic, there would also be a member

of the family Fg+ which would have an intersection with 1 and the segment
2-3. » A :

Knowing Ax and At, the points of intersection 4 and 5 are deduced’
using 2.1.10 and 2.1.8 respectively, with the values of u and c deter-
mined at 2 on the predictor level and at 1 on the corrector level, the
values in the latter case following from the predictor level solution.
The conditions of compatibility 2.1.9 and 2.1.11 are interpreted as
finite difference formulae with the state variables evaluated at 1 and 5
or at 1 and 4 as the case may be. The values of p, p, u at 4 and 5 are
deduced from the values at 2 and 3 by linear interpolation. The coeffi-
clents of the differential terms in 2.1.9 are evaluated as averages of
the values at 2 and 5 on the predictor step and 1 and 5 on the corrector
step. A similar procedure is followed in the case of equation 2.1.11.
No iteration 1is involved.

- From this analysis it is easy to see that 2.1.9 will yield a linear
relationship of the form

p=au+ B 3.4.1
Similarly, 2.1.11 will yield a relationship of the form
p=06p+ ¢ 3.4.2

where p, u, p are all understood to be values at 1. Equation 3.4.2
remains valid if the boundary becomes impermeable but may not be used if
the flow corresponds to influx. Similarly, 3.4.1 may be supplemented
by a second such relationship 1f the efflux becomes supersonic and two
“acoustic characteristics intercept the boundary from the interior. We
note that in such a case, therefore, p and u are completely determined
as the solution of the two linear equations. On the other hand, 1f the
state corresponds to a supersonic influx, then 3.4.1 may not be used at
all; acoustic waves no longer reach the boundary from the interior of
the flow. All these possibilities will be exercised in the subsequent
discussion of the physical boundary conditions.

Our comments thus far have pertained specifically to the gas.
Perfectly analogous considerations apply to the solid propellant. For
future reference we state the characteristic forms as

g=au + 8 ] 3.4.3
PP P .

corresponding to a member of Fp+ or Fp_ and

= 0§ g + 3.4.4
Pp = % T 4

which corresponds to a member of T °. 1In the present study we shall be
concerned only with boundary conditions which express either imperme-
ability to the solid propellant or subsonic efflux.
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3.4.1 Breech (Closed dr Open)

When the bréech is closed, the physical boundary condition 2.5.1
yields u = 0 directly. Then the pressure follows directly from a con-

" dition of compatibility in the form 3.4.1 and the density from 3.4.2.

The solution is therefore complete.

If the breech is open and the efflux 1s supersonic, then as noted
above, p and u follow from the two relations of the form 3.4.1 cor-
responding to the two acoustic characteristic intersections. The density
follows from 3.4.2. Before the solution can be accepted it is necessary
to test that the mass flux does not exceed ﬁ* given by equation 2.5.2.

If the value 1, is exceeded, or if the flow is subsonic, the efflux is
required to be as given by 2.5.2 and the condition of compatibility
on the characteristic I',” is not applicable. The boundary values are
found d4teratively, using a midpoint search. :

3.4.2 Projectile Base and Muzzle Following Projectile Exit

At the projectile base, whether we are concerned with the continuum
response of the solid propellant or with the behavior of the gas fol-
lowing burnout, the condition 2.5.5 or 2.5.6 yields the velocity. Then
the pressure follows from 3.4.1 or 3.4.3, as the case may be, and the
density from 3.4.2 or 3.4.4. The projectile velocity X 1is always up-
dated prior to the determination of the boundary values:

The analysis. of the boundary values at the muzzle following ex-
pulsion of the projectile is completely analogous to that pertaining to
the open breech.

3.4.3 Gas/Propellant Interface

We consider several possible cases in accordance with the manner
of specification of the burn rate. The discussion given.for each case
is predicated on the assumption that the so0lid propellant is treated as
rigid so that its density is known as a constant value and its velocity,
equal to that of the projectile, is given according to an update of the
equation of motion 2.3.4. Therefore, we preface the analysis of each
case by commenting on the consequences of a continuum representation
of the solid propellant. In the event that the propellant is to be
treated as a continuum we are required to satisfy two conditions of
compatibility of the form 3.4.3 and 3.4.4. This is accomplished ite~
ratively as follows. : E

A trial value for up is proposed, based on current storage for the
boundary values on the unreacted side of the interface. Compatible
values ¢ and p, are deduced from 3.4.3 and 3.4.4. The values of u, and
pp are used together with the remaining boundary conditions to determine
consistent values for the state of the gas and also the pressure d'.

The latter value will not, in general be equal to o. Accordingly, the
proposed value of u, is modified by an amount Aup = (o' - o)/ap,-c is
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replaced by the now compatible value ¢' and p,. is similarly adjusted.
This procedure is continued until the pressure o changes by an amount
less than 6.9 Pa.

Branching from one condition to another is discussed in section 3.5.

3.4.3.1 Propellant Unreacting

This case may arise if, for example, an ideal burn rate is specified
to yield a value of pressure on the unreacted side which is less than the
current pressure on the reacted side. The ideal rate would therefore
be negative and is replaced by the condition that the propellant is not
burning. Given uy, the value u is known at once as u = up and the ana-
lysis is identicaf with that following burnout.

3.4.3.2 Measured Burn Rate (With Subsonic Reactants)

Substitution of 2.5.7 into 2.5.8 yields

. 2 p
B‘_’_=BPL+;_[_£_1] - 3.4.5
P P o

Similarly, substitution of 2.5.7 into 2.5.9 yields

g r2 e 2
oy PP 280 e}

Then, combining 3.4.5 and 3.4.6 to eliminate o and making use of the
equation of state 2.4.1 to eliminate e we have

p bp r2 p 5
£ L 1P 1= -F—[-L-1] 3.4.7
0 y-1op y-1 p 2go p

P

Furthermore, as the reactants are presumed subsonic, we may combine
2.5.7 with the condition of compatibility 3.4.1 to obtain

P ‘u_+r - (p- B
—p£= P - = ly(p) 3.4.8

Then 3.4.8 may be used to permit the interpretation of 3.4.7 as a function
of p alone, namely

2

bp
¢<p)=§[Yfly(p)—1—7§—1]-ep+;?[\y(p)-112=o

P ° 3.4.9

Equation 3.4.9 may be solved iteratively using Newton's method according
to which the trial value p is replaced by the better approximation

p - ®(p)/2'(p). We note the following derivatives which are required

in the iterative process.
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01 (p) = = | __x__ ¥p) - 1 - ——-2— ] - g1 (p) 3.4.10
, p pp Y - 1
+JL—JP— [¥(p) - 112 _m [¥(p) - 11¥' (p)
O . 0
¥'(p) = (p) {x(p) [r'(p) - 1/a] - [u + r(p) - (p -BR)a]l r'(p)}

3.4.11

Once p is determined the remaining boundary values follow from the
chain of calculations:

u= (p - B)/a 3.4.12
r = r(p) -3.4.13
‘ o
p = ——B 3.4.14
u +r-u
o ‘
p_r P ' . :
c=p+-L2— (-1 3.4.15
g .
[o}
e = R - bo) 3.4.16
(x - Dp

As noted in the preamble to this section, if u, was a trial value, the
quantity o given by 3.4.15 must be compared with the value which is com-
patible with u_ according to -3.4.3. If they differ, up must be adjusted
appropriately and the boundary values redetermined.

3.4.3.3 TIdeal Burning of Langweiler (Subsonic or Supersonic Reactants)

In this case'the determination of the boundary values for the gas
is almost trivial since u = 0 and the pressure p is equal to the constant
initial value. Only the density at the boundary, and hence the internal
energy, vary with time. When u = 0, 2.5.7 yields

p u
2. P,y 3.4.17
o] r .

Subétituting this result into 3.4.7 and rearranging yields the ideal
rate of burning as a function of the instantaneous velocity of the
propellant.

Y _

. . vy -1 pp :
r = T (u - 3.4.18
: u P
e +-—2B____ P _ P
p vy-1 (- l)pp 2
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Given r, p follows from 3.4.17 whereupon ¢ and e are determined by 3.4.15
and 3.4.16 respectively.

3.4.3.4- Prespecified Value of Pressure on Unreacted Side or of
Acceleration of Projectile (With Subsonic Reactants)

As discussed in section 2.5.3 we assume that both of these conditions
amount to the same thing, namely the specification of o. Substitution
of 3.4.5 into 3.4.6 to eliminate r yields, after rearrangement

f—Y - —532; g 3.4.19
L _ P
P
p e _.L_.'._P_(l.’.*_g_)
P pr op Y -

By combining 3.4.19 with 3.4.8 we may deduce

[u P——][c + ]
- P
r = 5 3.4.20
20 [e_ + P_ _ P ]
P P

Yy -1 p (y -1
p-( )
This may be viewed as an effective or ideal burn rate equation yielding
r = r(p). Then the method of section 3.4.3.2 may be followed with 3.4.20
in place of the measured burn rate law,

3.4.3.5 Predetermined Mach Number of Reactants (Subsonic)

We may state the condition in the form

.
X = u

M:—L——_._

: , , 3.4.21
Y8 P
p(1 - bp) ,

where M < 1 is the predetermined value of the Mach number. In view of
2.5.7 this may be solved to yield

P Y8 pM2
Lo b +—2— 3.4.22
0 P 2 2

,ppr

Moreover, combining 3.4.22 with 3.4.8 we may deduce an effective burn
rate law, r = r(p)

_ ‘ 4(1 - bp ) 1/2
P-B_ o+ =B _ )% g pM°
a P a P 2 o
T =
2(1 - b
( op)

3.4.23

Then the analysis of 3.4.3.2 ‘applies with r defined by 3.4.23.
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3.4.3.6 Prespecified Value df Pressure on Unreacted Side or of

Acceleration of Projectile (With Supersonic Reactants)

In this case 3.4.22, which expresses the additional requirement that
the Mach number M > 1 of the reactants be given, may be combined with
3.4.5 to yield

r(p) = [ EQ g - (1 + YMQ)P ]1/2 _ ,  3.4.24

p bp -1 ‘

P P
as an effective burn rate law. However, in making use of the analysis
of gection 3.4.3.2 it is necessary to use not only 3.4.24 to define r(p) -
but also 3.4.22 to define ¥(p). The expression 3.4.8 incorporates the
assumption that u and p are compatible with the interior flow of the gas
which is no longer true in this case. Moreover, following the determi-
nation of p, it is necessary to deduce p from 3.4.22 whereupon u follows

from 3.4.14.

3.5 Additional Considerations

We conclude this chapter by noting some additional considerations
relating to the method .of solution.

3.5.1 Choice of Time Step

As is well knownl?, explicit finite difference schemes demand, for
their numerical stability, that the time step be suitably constrained.
We constrain At according to the Courant-Frledrichs—Lewy (C~-F-L)
condition :

) prc ,
At < max[['u ~ nl | 3.5.1

where AZ is the nondimensional mesh spacing in the gas, and by a similar
relation expressed in terms of the proper;ies of the propellant when it,
too, is ;reated as a continuum.

The maximum allowable value of At thus defined 1is further divided
by a user-supplied safety factor, SAFE, which must be equal to at
least one.

3.5.2 Treatment at Burnout

If the combustion zone is represented as a discontinuity of infini-
tesimal thickness, it follows that the boundary value of the velocity of
the gas will undergo a sudden jump as burnout occurs. The flow which
will have been represented as blowing away from the base of the projec-

* tile will now be ;equired to follow it. If the Mach number of the

17Eichtmyer, R. D. .and Morton, K. W. "Difference Methods for Initial
Value Problems" 2"d Ed. . John Wiley, New York 1967
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reactants, just prior to the instant of burnout, was comparable to unity,
the sudden change in velocity will be accompanied by a sharp drop in
pressure. A strong rarefaction will be formed to communicate the change
in the boundary condition to the column of gas. Indeed, the sudden drop
in pressure may be sufficiently large as to strain the numerical method
of solution. Therefore, we employ an analytical solution to describe
the boundary values for a short period after burnout. The analysis also
provides a simple exact solution which may be used to benchmark the ac-
curacy of the program, as we discuss in chapter 4.0. We therefore de-
duce the solution in some detail before commenting on its application to
the determination of the boundary values in the computer program.

Consider the motion of a piston propelled by a semi~infinite column
of gas which is initially at rest and has uniform properties. At any
subsequent time, the gas may be divided into two regions, one still qui-
escent and uniform, and the other undergoing expansion to follow the
projectile. A flow of this type is called a simple wave® . If we assume
the piston to be moving to the right, it follows that all characteristics
of the family I' * emanate from the uniform region so that their corres—
ponding condition of compatibility is impressed uniformly on the flow.

We therefore have, throughout the expansion region

/C—B constant : 3.5.2

Using the covolume equation of state to perform the thermodynamic integral
and denoting the properties of the quiescent region by a subscript 1 we
have

u + 1 (1 - bp)e = (1 - bpl)c1 3.5.3

y -1

This relation applies, in particular, at the base of the piston where
= X . Moreover, the isentropic nature of the flow implies
P 2
<Y .
_.u)___ ]Y‘l 3.5.4

p1 (1 - bo )c

Combining 3.5.3 and 3.5.4 yields the base pressure as a function of the
velocity of the piston

: 2y
y -1 *p y-1 5
P = p1 [ 1- 2 (1 _ bpl)cl ] 3.5.

From the equation of motion of the projectile it is a simple matter
to deduce the following.

, X +1 y-1
. 2c,' p_ -J1= g
x o= —— {110 -5+ °)*1+lY————1A"°1(t-t)]Y+1
Y - 1 2 2e," M

46




X 2

2¢, ! c P -
X =X +-——1(t- I S (a-X52—5 ¥t
P Po Y Abgo 1 1
X y+1 2
[(l_l—_l.._pg) Y 1+X__+_1Ab801 (t_t)] Y""j- ]
2 cl’ 2c Mp o

3.5.7
It should be noted that we have taken the initial instant to be t, and
we have denoted the initial position and velocity of the piston by X
and Xp respectlvely Also, we have used

c,' = (1 ~bp e, 3.5.8
The relations 3.5.6 and 3.5.7 with X = () provide an exact solution
which may be used to benchmark the accuracy of the computer program.
Since the code must be exercised with a finite column of gas, the com-
parison will only be valid until such a time as the reflection of ‘the
expansion front from the breech overtakes the piston or projectile.

When the ideal combustion of Langweiler has been in effect up to
the instant of burnout, the gas is quiescent as assumed above. Then
3.5.5 may be used to determine the boundary value of pressure. We note
that if, at the instant of burnout we have a near sonic condition
Xp.= cq' and vy = 1.2, then p/pl = (0.282 so that the pressure drops in-
stantaneously ‘to 23% of its value prior to burnout. This implies a
sharp drop in the propulsive capacity of the gas which is exacerbated
by the fact that prior to burnout, propulsion was due not just to pq
but also to the contribution of thrust.

When the combustion is due to other than the ideal model of Langweiler,
the state of the gas adjacent to the projectile at burnout is, in general,
neither uniform nor quiescent. We nevertheless use 3.5.5, where py and
cq are predicated on the conditions at the boundary just prior to burn-
out, and we replace X by X - ui where uq is the velocity of the gas just
prior to burnout.

In all cases, equation 3.5.5 is used to determine the boundary value
of pressure for five integration steps following burnout. Thereafter,
the previously described numerical algorithm is used.

3.5.3 Change of Representation of Solid Propellant

As the solid propellant is consumed, it will reach a point at which
it is -too short to be treated as a continuum in accordance with the con-
straint (X, - xp)AZ 2 DXMIN on the mesh spacing AZ. At this point, if a
continuum representatlon had been elected, an internal switch is reset
and the calculation concludes with the propellant treated as rigid. A
value of the density is computed from a knowledge of the remaining mass
of propellant and its length. Friction between the propellant and the
wall is not treated in cases in which the propellant is initially taken

47




to be rigid. When a transformation from a continuum to a rigid repre-
sentation is made, near burnout, the.resistance per unit bearing area
due to friction is frozen at the value it had at the time of tranmsition.

3.5.4 Treatment of Friction Between Propellant and Tube Wall

The friction term, when taken to be proportional to pressure in
accordance with equation 2.4.9, with values of y 2 0.1, becomes very
large and tends to create numerical wiggles in the solution. A number
of different schemes were attempted in order to resolve this problem.
Indeed, the use of centered differencing rather than the alternating
scheme of MacCormack, in the integration of the momentum equation of
the propellant, was predicated on the desire to express as accurately
as possible the competition between 380/3x and f, at both predictor and
corrector levels. Possibly, calculations with values of u, as large as
0.1 will not be of interest since the ballistic loss will be seen to be
significant, at least in the sample cases described in chapter 4.0.

Nevertheless, to stabilize properly such solutions we have smoothed
the term fw' In the numerical evaluation of equation 2.4.9 the pres-
sure 1s expressed as (pj-l + Pj+2 + 2p.)/4‘at internal mesh points and as
an average of the boundary value with 1ts neighbor at boundary points.
Also, the expression for f,; is made implicit in the pressure at the boun-
daries when using the characteristic forms. That is to say the term f
is multiplied by pilp in the nomenclature of section 3.4 prior to making
use of the characteristic form 3.4.3.

3.5.5 Branching of Conditions at the Gas/Propellant Interface

As we have noted previously, the program is structured so as to
allow the combustion model to vary in nature as the ballistic cycle
unfolds. Our purpose in this concluding section is to state the rules
according to which the internal branching has been structured. The
following are the combinations of constraints which may be involved
during a given cycle.

(a) Measured Burn Rate/Mach Number Limit

If measured burn data are supplied, a search is made for boundary
values based on these data. The values so found are then tested to
ensure that the Mach number of the reactants does not exceed the limit
M, provided M > 0. If M is exceeded or, if the search for boundary
values based on the measured burn rate was unsuccessful, branching oc-

curs to determine values which yield the specified value of M.

This combination is limited to subsonic combustion, that is, M < 1.
If the measured data yield a Mach number greater than unity and the user
has specified M = 0 or M =2 1, the calculation terminates with an error
message and the program proceeds to the next case.

(b) Langweiler Combustion/Mach Number Limit

The Langweiler ideal combustion model will yield boundary values
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which are only limited thermodynamically by the covolume limit p = 1/b
at which point the reactants are at zero temperature. If a value

0 < M < 1 has been furnished by the user, the boundary wvalues according
to the Langweiler model are tested to ensure that the Mach number of the
reactants does not exceed M. If it does, branching wiil occur to yield
the indicated Mach number. "It should be noted that while the Langweiler
model will admit supersonic combustion, the branch to the Mach number
limit will be admitted only if M < 1.

(c) Prespecified Propellant Pressure or Acceleration/Mach Number Limit

It is simple to branch between a constraint on the pressure on the
unreacted side of the interface and a constraint on the acceleration, as
both of these constraints can be expressed in terms of the pressure on
the unreacted side of the interface. A search for suitable boundary
values is undertaken. When they . are found, the Mach number is compared
with the input limit M, provided M > 0. If M < 1 and the limit has
been exceeded, branching to the Mach number limitation will occur. If
the computed Mach number and the input limit M are both greater than or
equal to one, branching occurs to the supersonic combustion process to
satisfy both M and the required value of pressure simultaneously. The
~flow is no longer required to be compatiblé with the state of the gas.

If the original search for subsonic boundary values to yield the
designated pressure on the unreacted side was unsuccessful, and M > O,
branching will occur to the Mach number limited processes, using M
alone if M < 1 and using both the designated pressure and M if M 2 1.

There is one further branch to be considered in this case. 1If
the value of the indicated pressure on the unreacted side is less than
or equal to the current pressure of the gas, the reaction is assumed to
terminate since the regression rate would otherwise be required to be
negative.
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4,0 SOME NUMERICAL RESULTS

The model which we have described in chapter 2.0 admits a large
variety of possible cases. A systematic exploitation of the model capa~-
city is beyond the scope of the present study. The solutions which we
discuss in the present chapter are intended principally to demonstrate
the operabillity of the computer program and to provide an assessment
of the magnitude of the errors associated with the method of solution.
However, we also comment briefly on the potential magnitude of some of
the losses associated with the end-burning traveling charge. First,
in section 4.1, we consider a case for which an exact solution is avail-
able in order to provide an absolute benchmark of accuracy. Second, in
section 4.2, we discuss a nominal traveling charge configuration, paying
attentlon to properties of mesh indifference and global conservation of
mass and energy. Finally, in section 4.3, we comment on the losses due
to friction, heat transfer to the tube, and the pressure of shocked air
in front of the projectile.

4.1 Comparison with an Exact Solution

In section 3.5 we presented an exact solution for the motion of a
piston propelled by a semi-infinite column of initially quiescent, uni-
form gas. While the present model can only be used in the context of a
finite tube, its predictions may be compared with the exact solution for
that period of time prior to the interaction of the expansion wave with
the finite boundary. Such a comparison is made in Table 4.1. The solu-
tions were based on values D = 4.0 em, vy = 1.239, ¥ = 25.0 gm-mol/gm,

b = 1.06 cm3/gm, My = 160 gm, an initial pressure of 551.6 MPa and an
initial temperature of 3271°K. The numerical solutions were deduced
for a tube of length 254 cms. Inasmuch as the speed of sound in the
quiescent gas is 1.78 km/sec, it follows that equations 3.5.5 and 3.5.6
may be used to describe the pressure at the base of the piston and the
piston velocity for a period of at least 1.4 msec, after which time the

wave reflection from the finite boundary begins to invalidate the exact
solution. )

Table 4.1 Comparison of Numerical Solutions with an Exact Solution

Time Base Pressure Piston Velocity
(msec) (MPa) (km/sec)

Exact 21 pts 100 pts Exact 21 pts 100 pts
.0.2 281.8 284.9 281.9 0.610 0.612 0.610
0.4 186.1 186.0 186.1 0.967 0.970 0.967
0.6 137.7 137.8 137.7 1.217 1.221 1.217
0.8 108.7 108.9 108.7 1.409 1.412 1.409
1.0 89.5 89.5 89.5 1.564 1.567 1.564

The table provides a comparison between the exact solution and
numerical solutions generated with 21 and with 100 mesh points. The agree-
ment is seen to be very good.. Even with 21 mesh points, the base pressure
is predicted to within approximately 1% of the exact value at 0.2 msec and
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to within less than 0.1% at later times. With 100 points the error is
less than 0.037% at 0.2 msec. As expected, the results pertaining to the
piston velocity are similar. The results are indicative not only of

good absolute accuracy but also of mesh indifference. It is worth noting
that the expansion is really very strong. Evidently, due to the large
initial pressure and the relatively low piston mass, the pressure drops
to roughly 50% of its initial value by 0.2 msec.

4.2 A Nominal Traveling Charge Configuration

To illustrate further the operability of the computer program we
now present a solution for a nominal end—burning traveling charge con-
figuration. The problem of interest corresponds to a 40 mm tube with
100 calibers of projectile travel. An ideal burning law is assumed in
which the pressure on the unreacted side of the gas/propellant inter-
face is required to be 700 MPa provided that the Mach number of the
reactants does not exceed 0.999. In accordance with the logic for bran-
ching which we have discussed in the previous chapter, a solution yiel-
ding the requisite pressure will be sought at each stage of the calcu-
lation. If the Mach number limitation is exceeded, branching will
occur to yield values satisfying the limiting value of the Mach number.
As the input value is less than unity, the reactants will be required.
to satisfy a condition of mechanical compatibility with the column of .
gas.

We first solve this problem treating the propellant as rigid.
Three solutions are generated using a maximum of 21, 41, and 81 mesh
points and minimum spacings of 0.508, 0.254 and 0.127 cms respectively.
Some aspects of these three solutions are compared in order to permit
an assessment of the mesh indifference of the predictions. We also
consider the degree to which mass and energy are conserved globally
in these three calculations as a further indication of the magnitude
of the numerical errors of integration. Subsequently, we present
some details of a fourth calculation of the same problem based on
a continuum representation of the propellant. In this last case we
illustrate the solution by means of plots of the pressure and velocity
distributions at various times.

The data base for the nominal problem is contained in Table 4.2.
The values.for the wave speed in the propellant only pertain, of course,
to the case in which continuum behavior is considered.

Table 4.2 Data Base for Nominal Traveling Charge Problem

)

' Tube Diameter : 4.0 cm
Maximum Projectile Travel 4.0m
Projectile Mass _ 160 gm
Propellant Chemical’ Energy 4450 J/gm
Covolume ‘ 1.05 cm3/gm
Molecular Weight 23.253 gmol/gm
Density 1.66 gm/cc
Ratio of Spec1f1c Heats 1.2414 (=)
Compressive Wave Speed 1.07 km/sec
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N
Unloading Wave Speed 0 m/sec

Initial position of rear propellant 2.54 cm
face relative to breech.
Initial Pressure ' 700 MPa
Maximum allowable pressure on 700 MPa
unreacted side of gas/propellant
interface
Maximum allowable reactant Mach number 0.999
Charge-to-projectile mass ratio 3.54
Loading density 1.2 gm/cc

*
Code action is to treat solid propellant constitutive law as reversible
in case of continuum representation.

In Table 4.3 we compare the values of projectile velocity and hreech
and base pressure in the gas for the three calculations based on a repre-
sentation of the propellant as rigid. The base pressure corresponds to
the state of the reactants at the gas/propellant interface.

Table 4.3 Dependence of Nominal Solution on Mesh

Time . Projectile Velocity Breech Pressure Base Pressure
(msec) (km/sec) (MPa)

21 pts 41 pts 81 pts 21 pts-41 pts 81 pts 21 pts 41 pts 81 pts

0.2 0.249 0.249 0.249 664.4 664.4 664.4 663.5 663.5 663.5
0.4 0.511 0.511 0.511 583.1 583.1 583.1 579.1 579.1 579.1
0.6 0.804 0.804 0.804 - 492.6 492.6 492.6 481.1 481.2 481.2
0.8 1.144 - 1.144 1.144  410.0 410.0 410.0 384.9 384.9 385.0
1.0 1.559 1.559 1.559 340.1 340.1 340.1 291.6 291.6 291.6
1.6 2.456 2.458 2.460 199.5 199.8 199.8 84.8 85.1 85.3
2,0 , 2.821 2.825 2.828 140.7 142.1 142.9 52.4 52.6 52.7
2.34 3.068 3.073 3.076 103.8 102.9 102.1 38.0 38.1 38.2

*
Muzzle Exit

The quantities of ballistic interest are the maximum pressures and
the muzzle velocity. These do not exhibit a mesh dependence beyond 0.27
as we pass from 21 to 41 points or beyond 0.1% as we pass from 41 to 81
points. The greatest numerical error seems to be associated with the
breech pressure at muzzle exit which exhibits a mesh dependence of ap-
proximately 0.7%. As the value of the breech pressure at muzzle exit is
not normally of ballistic interest, it appears from Table 4.3 that 41
mesh points are sufficient in simulations of this type.
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Next, in Table 4.4, we present the histories of the defects in
total mass and energy at the same set of times, for the three calculations.
Since there are no losses in the physical problem, both mass and energy
should be conserved on a global basis. As the present numerical scheme
does not automatically assure such a global conservation, the mass and
energy defects provide an indication of the magnitude of the errors of
numerical integration. The total mass is computed using a trapezoidal
rule. The result is subtracted from the initial value and the defect
1s then expressed as a percentage of the original value. The energy
defect is computed similarly. ' '

Table 4.4 Global Mass and Energy Defects in Nominal Problem

Time Mass Defect (%) . Energy Defect (%)
(msec) 21 pts 41 pts 81 pts 21 pts 41 pts 81 pts
0.2 -0.01 0.00 0.00 0.00 0.00° 0,00
0.4 0.00 0.00 0.00 0.00 0.00  0.00
0.6 0.00 0.00 0.00 0.00 0.00 .0.00
0.8 0.02 0.00 0.00 - 0.00 0.00 0.00
1.0 0.07 0.01 0.00 0.00 0.00 0.00
1.6 0.26 0.06 0.01 -0.01 0.00 0.00
2.0 * 0.38 0.10 0.02 0.02 0.01 0.00
2,34 0.45 0.11

0.02 0.04 0.02  0.01

x ,
Muzzle FExit

The results of Table 4.4 essentially confirm those of Table 4.3.
If the maximum defect is taken as an indicator of the probable error of
any given ballistic prediction, it follows from Table 4.4 that errors of
the order of 0.5% are to be expected if one uses a maximum 21 mesh
points and of the order of 0.1%Z if one uses 41 points.

We turn now to a discussion of a solution for the nominal problem
based on a continuum representation of the propellant. The solution is
illustrated by the distributions of pressure and velocity shown in
figures 4.1 through 4.8.

It should be noted that the solid propellant is assumed to have a
nonlinear, but reversible, ‘equation of state. A maximum of 31 mesh points
is allowed with a minimum spacing of 0.508 cms. The maximum time step
as computed from the Courant-Friedrichs-Lewy condition is divided by
two so that the maximum Courant number is, by definition, 0.5.

The initial distributions of pressure and velocity are shown in
figure 4.1. As the initial pressure is equal to the maximum value re-
quired on the unreacted side of the interface, the burn rate is initially
zero according to the ideal law. Both the gas and the solid propellant
are at rest and pressurized uniformly to the initial value. Friction
between the propellant and the tube wall is not considered. We will
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comment on the influence of the loss terms in the next section of this
chapter.

Because of the high pressure exerted on the projectile base, the
projectile begins to accelerate and, analogously with the example of
section 4.1, an expansion wave 1s propagated through the solid propellant.
Figure 4.2 shows the conditions at 0.2 msec. The drop in pressure across
the propellant is seen to be considerable. At this time, burning of the
propellant has begun but is still rather weak since the gas pressure is
still high. By 0.4 msec, as shown in figure 4.3, significant displacement
of the projectile and traveling charge has occurred and the gas/pro-
pellant interface manifests itself quite clearly as a discontinuity in
the distributions of both pressure and velocity.

Although the ideal combustion model is not that corresponding to
the Langweller process, it may be seen that the kinetic energy of the
gas, as inferred from the velocity distribution, is still quite small
at this stage. The same is true at 0.6 msec, figure 4.4, and even at
1.0 msec, figure 4.5, in which the propellant is seen to be approximately
50%Z burnt. The wave dynamics in the solid propellant should also be
noted. In both figures 4.4 and 4.5, the pressure gradient in the solid
propellant 1s seen to have reversed as a consequence of transient pheno-
mena. Of equal interest, although not shown in the figures, is the fact
that tensile stresses are predicted to occur at the interface between
the propellant and the projectile base. However, undue significance
should not be attached to this observation since the wave dynamics are

assoclated to a large degree with the assumed highly pressurized ini-
tial condition. '

The three concluding figures 4.6, 4.7 and 4.8 show the evolution of
the solution until muzzle exit occurs. The propellant does not quite
burn out in this example. It should be noted, in these last three
figures, that branching to a Mach number limited burning process has
occurred. The pressure at the base of the propellant is no longer 700
MPa but is, instead, roughly twice that in the gas. As the burn rate
becomes limited by the Mach number constraint, the velocity profile
of the gas develops and the gas does begin to store increasing amounts
of kinetic energy. Nevertheless, it is easy to see, from figure 4.8,
that the kinetic energy of the propellant is approximately 257 of what
would be expected in a conventional charge. 1In the latter, the velocity
of the gas at the projectile base would be equal to that of the projec-
tile whereas in the present calculation it is seen to be approximately
one-half of the projectile velocity.

In the latter figures there are still signs of the transient phe-
nomena we noted previously in connection with the solid propellant. They
are manifested here in the pressure distribution of the gas which has no
mechanism for damping. Thus the variations in the ideal burn rate due
to the interaction of traveling waves in the solid propellant with the
gas/propellant interface have been preserved in the pressure field of
the gas.
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4.3 1Influence of Losses

To conclude, we summarize the results of calculations performed
during the testing of the code, with a view to forming an assessment of
the magnitudes of the losses to be expected in the traveling charge.
These results are summarized in Table 4.5.

Table 4.5 Influence of Losses on Muzzle Velocity

Case Comments Muzzle Velocity
(km/sec)
1 ‘. Nominal with rigid propellant 3.068
2 . Propellant treated as a continuum ’ 2.941
3 . Propellant treated as a continuum 2.194

with wall friction due to constant
coefficient of friction equal to 0.1

4 Propellant treated as a continuum 2.981
with wall friction coefficient given
as following table of values

Velocity u
(km/sec) (-)
0. 0.06
0.152 0.02
0.304 0.01
5 Propellant treated as a continuum . 2.937

with wall friction due to gas film
bearing with ug = 1.79 x 10-3gm/cm-sec
., and 8¢ = 0,254 mm

6 Rigid propellant and heat losses 2.997

7 ' Rigid propellant and resistance 3.025
due to shocked air

8 Rigid propellant and constant 3.059
resistance, due to obturator, of
3.45 MPa

9 Rigid propellant and resistance 2.986

due to setback load on obturator
of length 2.54 cms with forward
mass of projectile equal to 160 gm
and coefficient of friction given
according to the following table
of values
Velocity H
(km/sec) )
0. 0.6
0.152 0.2
0.304 - 0.1
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From this table it 1s evident that the only losses of significance
are likely to be associated with friction between the propellant and the
tube. A comparison of cases 2 and 3 shows that a friction coefficient
of 0.1 simply cannot be tolerated. On the other hand, a mild coefficient
of friction, such as that considered in case 4, may actually increase the
muzzle velocity. This is a consequence of the failure of case 2 to yleld
burnout of the propellant whereas the friction in case 4 delays the pro-
jectile exit sufficiently for complete burnout_ to occur. The influence
of the resistance in this case is therefore similar to that of a shot
start pressure which, as is well known, often acts to increase the muzzle
velocity in conventional ammunition.
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5.0 CONCLUSIONS

The following conclusions are drawn in respect to the present study.
(1) A model of the end-burning traveling charge has been formulated,
encoded, and demonstrated. The model is suitable for assessing the hydro-
dynamic and ideal combustion limits on the ballistic performance of
traveling charge guns. .
(2) Good agreement has been shown with an exact solution for a simpli-
fied case. Studies of mesh indifference and global conservation of mass
and energy indicate that the numerical error associated with ballistic
predictions of a nominal traveling charge configuration based on 41 mesh
points is of the order of 0.1%1.0%.
(3) A review of the arguments which deny the admissibility of a strong
steady deflagration wave has revealed that this combustion limit is a
manifestation of the well known steady flow process of choking by heat
addition. It does not appear likely that this limit can be circum-
vented without sacrificing ballistic performance by the incorporation
of condensed additives to control the effective flow area of the gas
phase within the flame. ’
(4) Preliminary calculations have shown the importance of proper lubri-
cation of the interface between the traveling charge and the tube. A
coefficient of friction equal to 0.1 resulted in a loss of 307% of the
muzzle velocity predicted without friction.
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Nomenclature

Cross sectional area of tube

Throat area of gas-permeable breech

Wave speed in solid propellant

Value of a at zero pressure

Vélue of a during unloading or reloading
Acceleration

Additive constant in measured burn rate law
Pre-exponential factor in measured burn rate law
Covolume of gas '
Discharge coefficlent of gas-permeable breech
bischarge coefficient of muzzle

Isentropic sound speed in gas

Specific heat at constant pressure

" Specific heat at constant volume

Diameter of tube

Internal energy of gas

Chemical energy of propellant

Resistance to projectile motion

Force of friction exerted on wall by propellant
Constant used to reconcile units of'measurement
Film coefficient

Length of bearing section of obturator

Mass 6f.projectile in front of midpoint of obturator
Mass of projectile

Molecular weight of gas

Mass of propellant

Burn rate exponent

Prandtl number

Pressure in gas

‘Pressure in shocked:air ahead of projectile

Resistive pressure due to obturator
Shot start pressure
Initial pressure of gas

Initial pressure of air ahead of projectile



Coefficient in correlation for heat loss to tube
Heat loss to tube

D Reynolds number based on D

T L L0

Gas constant

r Regression rate of propellant

T Gas temperature

Tw Wall temperature

t Time |

u Gas velocity

up Propellant velocity

W Charge to Projectile Mass Ratio

X Axial coordinate

Xp Position of projectile base relative to breech

xp Position of gas/propellant inte?face relative to breech

o Coefficient in acoustic characteristic form for gas

ap ~ Coefficient in acoustic characteristic form for propellant
B Additive term in acoustic characteristic form for gas

Bp Additive term in acoustic characteristic form for propellant
r or = Gas-material, gas-acoustic characteristic lines

Fp ,Fp Propellant-material, propellant-acoustic characteristic lines
Ratio of specific heats of gas

Y, Ratio of specific heats of air

At Time step

Ag Spacewise mesh increment in computational plane

Sf .Thickness of gas film used to lubricate propellant

g Nondimensiqnal axial coordinate in computational plane

n Velocity of convective mesh

] Coefficient in material characteristic form for gas

ep Coefficient in material characteristic form for propellant

K Thermal conductivity of gas

M Viscosity of gas
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“

Viscosity of 1ubricatiﬁg film ‘
Coefficient of friction between propellant and tube wall
Coéfficient of friction between obturator and tube wall
Poisson ratio of projectile

Density of gas

Deﬁsity of propellant

Value of p at zero pressure

Pressure in propellant

Value of ¢ on nominal loading curve

A dot over a quantity indicates a total derivative with respect to time.
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Appendix A: On the Deflagration Wave with Supersonic Reactants

The purpose of this appendix is to note briefly the arguments which
have been advanced to deny the possibility of a steady deflagration with
supersonic reactants as perceived by an observer moving with the flame,
These arguments are based on the details of the structure of the flame
and have been established in the context of a single phase gas flow.
Subsequently, we comment on the implications of a heterogeneous two-
phase structure in regard to the possibility of supersonic flow.
Finally, we note the implications of our findings as regards the tra-
veling charge.

The theory of detonations and deflagrations, as 1t affects our
present discussion, is treated fully in the monograph of Courant and
Friedrichs®. From their development we shall abstract only those re-
sults which bear directly on the present discussion. In particular,
we will note their treatment of the allowable states which may be
reached in a steady exothermic flow without the restrictions imposed by
considerations of the structure of the reaction zone. This discussion
will provide the essential nomenclature and conceptual framework within

which the basis for denial of the possibility of a deflagration with super-

sonic reactants can be understood. Following the presentation of this
denial we will note the comments of other authors in relation to the
single phase deflagration.

The basic constraints on the allowable steady state processes with
properties observed at two stations, which we designate by subscripts
0 and 1 respectively, are the laws of conservation of mass, momentum -
and energy. We have already noted these in the present report. In
order to keep the discussion of this appendix self-contained we restate
them here and we introduce somewhat different nomenclature. The symbols
used in this appendix will be defined as they are introduced.

Using p and p to denote pressure and density and letting v be the
gas velocity in a frame of reference moving with the reaction zone we
have

PoVg = P4V = M (A.1)
p. + o,V 2. p, + o,V 2 (A.2)
0 00 1 11 :

(0) 1.2 _ (1) 12
E (To,po) + Py t 5 Vo E (rl,pl) + p,T, * 2 v1 (A.3)

and where we have also introduced T = 1/p and E is the internai\energy,
assumed to be given as a function of v and p. The superscriptsion the
values of internal energy in (A.3) indicate that due to changes of com-
position, the functional form may vary from station 0 to station l The
nomenclature used here is identical with that of Courant and Friedrichs.
We will adopt the convention that the gas flows from station 0 to
station 1.
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It should be noted that nothing has been said concerning the proxi-
mity of stations 0 and 1 or of the structure of the flow between them.
It is assumed only that the flow is steady and that viscous stresses and
heat conduction may be neglected at the two stations. In many cases of
practical interest the flow may fail to be truly steady. Yet the present
results may be regarded as approximately correct provided that the rates
of change of mass, momentum and energy in the region bounded by statioms
0 and 1 may be neglected by comparison with the fluxes of these quantities.
Such conditions will be favored when the reaction zone is. thin and the -
environment changes slowly.

From the conservation laws (A.l), (A.2) and (A.3) we may deduce two
important relationships. First, from (A.1) and (A.2) we may deduce that

P, - P |
1" P 2 | (A.4)

Thus it is apparent that only those processes are possible in which the
sign of the change in pressure is opposed to that of the specific volume.
Observe, moreover, that when the reaction zone has finite thickness, but
is steady, and viscous stresses may be neglected, then (A.4) applies
throughout the reaction zone and shows that the pressure and specific
volume are linearly related throughout the process.

Next, introduce the Hugoniot fimction for the burnt gas
1 ' 1 1, L1 :
B (1,p) = P (1,0) - El(rgip) + % (1= 1) (e + 1)
Then‘(A.3).may be written as
(1) - (0) (1) ,
H (T,p) = E (TO,PO) - E (ro,po) (A.5)

If the reaction is assumed to be exothermic as the gas flows from station
0 to station 1, it follows that the right hand side of (A.5) is positive.

Now suppose that the initial state t1,,py is given and regard (A.5)
as a locus of possible final states. The graph of (A.5) appears as
shown in figure A.1l, subject to certain thermodynamic assumptions®.
Because of (A.4) the accessible portion of (A.5) is confined to two
separate branches, the upper corresponding to increases in pressure and
the lower corresponding to decreases in pressure. These are referred to
as the detonation and deflagration branches respectively. Equation (A.4)
provides some immediate imsight into an important difference between the
two branches. It is apparent that the limiting constant pressure process
—~a deflagration~-travels with an infinitesimal velocity. On the other
hand, the limiting constant volume process--a detonation--travels with
an infinite velocity. For the present discussion, only the deflagration
branch is of interest.
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The deflagration branch may itself be divided into two branches,
identified in figure A.l1l as weak and strong deflagrations, according to
the magnitude of the pressure drop, and separated by a point identified
as the Chapman-Jouguet deflagration. If one considers an arbitrary
straight line emanating from (T »Pg ) and intersecting with the defla-
gration branch it follows, subject to certain thermodynamic assumptions |,
that the line has at most two points of intersection--one on the weak
deflagration branch and the other on the strong deflagration branch.

At the Chapman - Jouguet point, the straight line is tangent to the de-
flagration branch.

It may be shown that in the case of a weak deflagration, the reac-
tants are subsonic relative to the reaction front and that in the case
of a strong deflagration, they are supersonic. Naturally, the Chapman-
Jouguet point 1s distinguished by the fact that the reactants are sonic
with respect to the reaction front. In each case the speed of sound is
understood to be that of the reacted gas. It is also shown by Courant
and Friedrichs that in the case of an 1deal gas, at least, a deflagration
wave 1s always subsonic relative to the unreacted gas.

The foregoing discussion has distinguished between deflagrations
with subsonic and supersonic reactants but has not identified any reasons
to deny the admissibility of either. Indeed both the weak and strong
deflagrations are clearly admitted by the principle of conservation of
mass, momentum and energy. In order to show the impossibility of a steady
strong deflagration wave it is necessary to consider the finite rate of
reaction. Then the following geometrical argument may be employed.

Consider figure A.2. We show, schematically, the Hugoniot for the
unreacted gas, the fully reacted gas, and the gas in several stages of
partlal reaction. That 1is to say, the preceding analysis 1s assumed
to apply at all stages of the reaction. Now there are just two types of
steady process which may occur between 0 and 1. The state may change
continuously due to the finite rate of heat release by the reaction in
which case we are required to traverse the straight line (A.4). Or,

a compressive shock may occur, in which case we may traverse the Hugoniot
corresponding to the state of reactedness at which the shock was en-
countered, the direction of the process being such as to lead to an in-
crease 1n pressure.

It is evident, from the assumed shape of the Hugoniot curves 11lus~
trated in figure A.2, that a continuous process of heat release from O
to 1 must inevitably intercept the weak deflagration branch when the
reaction 1s complete. Accordingly, a transition to the second inter-
section point in the strong deflagration branch would require an expan-
sion shock, which is inherently unstable. On the other hand, any admis-
sible shock transition at a state of partial reactedness, can only lead
to higher pressure from which only an intersection with the weak defla-
gration branch 1s possible, unless a detonation is admitted.

72




1%
p - PO 2
= -m
T-T
pO P SRR R .
Fully
Reacted
~
~
’ 50% Reacted
; .
f 257 Reacted
; -
i Unreacted
i
’ 4
o T
Figure A.2 Schematic demonstration of the implausibility of

attaining a strong deflagration

73



This geometrical argument was also formalized by Courant and
Friedrichs to provide an analytical demonstration that a simple flame
model would reach a state of complete reactedness on the weak defla-
gration branch. The earlier work of Friedrichs’ and the book by Williams?
may also be consulted for demonstrations based on the structure of the
solutions of particular models of the reaction zone. Landau and
Lifschitzl? have considered the problem from the point of view of the
stability of the process. Considering the characteristic data on each
side and assuming that just one internal condition is specified by the
flame structure leads to the conclusion that a perturbation about a

_strong deflagration is underdetermined. Accordingly, exponentially
growing solutions are admitted and the flame is unstable. The dis-
cussion of the inadmissibility of the strong deflagration wave given by
Vinti® is essentially the same as the geometrical argument given here.

An alternative way of understanding the limitation of the reaction
process to weak or at most sonic deflagrations follows from a conside-
ration of the laws of choking in quasi-one-dimensional compressible flow.
Moreover, this alternative point of view enables one to consider directly
the consequences of a multiphase structure of the flame.

Consider a generalized guasi—one—diménsional steady flow in the
manner described by Shapirol . From the balance equations for a control
volume as shown in figure A.3 one may deduce the following functional
dependence of the Mach number M on the processes associated with the
flow, namely cross sectional area, heat and mass addition and drag.

' y-1.2 ,
2 2[1 + 2 M7] aa .\ 1+ yM

a? 2 dQ - dW_+ dH
M 1 - Ao cpT
2.0 .,y ~-1.2
YMO[1 + 2 M7 dx dX dw
+ — > 4f—D"'+l—'———§—2y—‘" (A.6)
1-M SYPAM ©
20, .y -1.2
2(1 + M) (1 + M) 2
1-M © 1-m Y

The nomenclature of this equation is taken directly from Shapiro
and has the following significance.

M is the Mach number based on the ideal gas equation of state
for which the speed of sound c is given by ¢? = YRT/W .

A is the net flow area for the gas. That is, the area of the duct
less the area of the entrained liquid or droplets or particles.

zgshapiro, A. "The Dynamice and Thermodynamics of Compressible Fluid Flow"

Ronald Press, New York 1953

74



Figure A.3

Control volume for analysis of steady
heterogeneous reacting flow (Shapiro, ref. 18)
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dQ

dw
X

dH =

dh
P

dX

h

v

T
og

c
P8

The remaining symbols may be identified from figure A.3 and the convention

r

is the ratio of speéific heats

is the-net heat added to the gas stream by conduction or
radiation from external sources, per unit mass of gas
entering the control surface.

is the net external work to outside bodies per unit mass
entering the control surface. 2 5
v

2, g - vy e
dhpr - Icpg (T - Tog) + v7/2] © [hL - hv + 5 ] "

is the heat release per unit mass of gas stream due to
decomposition, positive for an exothermic reaction.

is the wall friction factor.

 is the hydraulic radius.

is the sum of the drag of statiomary bodies, the drag of
droplets, particles and filaments traveling more slowly than
the gas stream, and the body or gravity forces.

dw dw
—EB +y, —Lydy

[yg W W

1 = !
vg/v vy, vL/v

dmL + dwg . See Figure A.3
is the molecular weight.
is the gas constant.

is the enthalpy of liquid about to evaporate as it enters
the control volume.

is the enthalpy of evaporated liquid de at temperature T.

‘ls the stagnation temperature of the injected gas stream.

is the average value of cp between Tog and T.

that v! and v] are the streamwise components of the velocities of the
injected gas and liquid.

From a consideration of equation (A.6), which is seen to embed ex-
tremely complex behavior, the following conclusions may be drawn-“.

(1) An increase in area acts to decrease the value of M 1f M < 1
and to increase M if M > 1.

76 .



(2) Heat addition or combustion acts to Iincrease M if M < 1 and to
decrease M if M > 1,

(3) Theveffect’of friction, or drag of internal bodies, acts to increase
M if M < 1 and to decrease M 1f M > 1.

(4) Mass addition with y < 1 acts to increase M if M < 1 and to
: decrease M if M > 1.

(5) An increase in W acts to decrease M if M < 1 and to increase M
if M > 1.

(6) An increase in y always acts to reduce M.

These results permit us to understand the denial of the admissibility
of the strong deflagration wave from an alternative point of view. The
previous discussion, based on the assumed shape of the Hugoniot of the
reactants, corresponds to a process in which only heat addition due to
combustion was of interest. Evidently, if we consider an arbitrary initial
state, presumed subsonic, the Mach number increases steadily as we pass
towards the fully reacted state. If, however, the Mach number -increases
to unity, there is no longer a solution to the steady flow problem unless
the initial state may be altered. Thus the inadmissibility of the strong
deflagration wave is perceived to be a manifestation of the well-known
phenomenon of choking.

In the heterogeneous flame we must also consider mass addition and
drag. These, too, always drive the Mach number towards unity just as
the heat addition does. Only one possibility appears to exist in the
heterogeneous flame whereby the sonic point can be passed in a continuous
manner. The cross-sectional area of the flow will increase due to con-
sumption of the dispersed condensed phase and also, possibly, due to
separation of the droplets or particles as a consequence of the drag.
If, as the sonic point is encountered, the effect of change of area is
such as to dominate the opposing effects of heat addition, mass addition
and drag, then a continuous transition to supersonic flow would be pos-
sible. A trivial example of such a case is, of course, the converging-
diverging rocket npzzle in which the cross-sectional area of the duct
is used to effect the transition from subsonic to supersonic flow.

The possibility of obtaining such continuous transitions by means
of the area change associated with condensed phase fuel consumption
and dispersal may be determined only by parametric studies of equation
(A.6). ~Such studies are beyond the scope of the present enquiry. However,
we may speculate that the conditions under which the transition could be
made would correspond to fuels of rather low ballistic efficiency in
which inert components would play the role of a conventional rocket
nozzle.

We conclude with some comments on the iﬁplications of these results
as regards the end-burning traveling charge. First, we concur with
Vinti's conclusion that the Langweiler process would be inherently in-
capable of realization once the projectile velocity exceeded the speed
of sound in the reacted gas. Only by making the reaction zone suffi-
ciently thick that unsteady effects become important can we expect to
develop supersonic reactants. Of course, as the reaction zone becomes
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thicker, we approach the configuration of a conventional propelling charge
in which, as discussed in the introduction to this report, the reaction
zone effectively fills the tube. However, the rejection of the Langweller
acheme does not necessarily defeat the concept of the traveling charge

as a potentially useful ballistic solution. Because the thrust associated
with the Langweiler scheme increases continually as the projectile ac-
celeratesa, the gun is required to operaté at a condition wich is far re-
moved from the i1deal constant pressure cycle. Moreover, the pressure

on the unreacted side of the gas/propellant interface is found to rise
very sharply as the Mach number increases beyond unity.

Hence, the present findings are more appropriately considered in the
context of an ideal constant base pressure scheme for the burning rate.
In this context, the denial of the possibility of a strong deflagration
wave 1s not necessarily restrictive. It is merely necessary that the
Chapman-Jouguet point be reached so that the combustion zone is just un-
coupled from the pressure of the column of reactants. In such a case
the propellant will burn under a choked condition. However, it seems
probable that the pressure of the unreacted propellant would be influ-
enced not only by the chemical formulation of the propellant but also
by its mechanical behavior during the interior ballistic cycle.
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Appendix B: Code Description and Fortran Listing

The model of the end burning traveling charge has been encoded in
the FORTRAN IV language for implementation on the CYBER 7600 computer
- and is documented by the listing which forms the principal part of this
appendix. We provide a summary of the routines, their purpose and their
linkages to other routines, in Table B.l. In Table B.2 we provide a glos-
sary of those variables which are contained in the common block areas of
storage. Local variables are not described. Table B.3 summarizes, in
detail, the input files used to run the program.

In addition to the tabular information, we provide the following
brief discussion of the code structure, paying particular attention to
the manner in which the physical problem is represented. We also com-
ment on the code output.

The program consists of a main routine, TCMAIN, which is supported
by a total of twenty subfunctions and subprograms. For ease of main-
tenance, particularly in connection with the constitutive laws, a large-
ly modular approach has been followed in writing the code. Only the co-
volume equation of state of the gas is intrinsically bound into the code;
the remaining constitutive laws are expressed by individual subroutines.
With the exception of subroutine BASE, which embeds the rather compli-
cated logic associated with the various combustion models and the bran-
ching among them, the programming is extremely straightforward.

The principal computational arrays are GS1(100,3), GS2(100,3) and
GS3(100,3) as described in Table B.2. The first index of these arrays
points to a mesh location, a maximum of 100 points being admitted by
the present dimension statements. The second index points to a storage
level and is assigned the values 1,2,3 on a rotating basis. At any
level, the index NI points to current storage; that is to say, NI points
to the present data at the outset of a predictor step and is advanced to
" point to the predicted future data on the corrector step. The index NF
‘points to the storage level which contains the future data. Finally,
the index NP is used, on the corrector step, to point to the present
data. The principal integration step counter is NDT, which is incre-
mented by one on each predictor and each corrector level.

At any time, the gas column is represented by NDIM mesh points whose
data occupy the first NDIM locations of GS1, GS2 and GS3. If the propel-
lant is treated as a continuum, its data occupy the storage locations
NDIM1 to NDIM2 -of GS1, GS2 and GS3, where NDIM1 = NDIM + 1.

The execution of the program is controlled by the data described in
Table B.3. Multiple runs may be performed as follows. For a given
problem, a parametric series may be run using an array of values of the
ratio of charge-to~-projectile mass. At the conclusion of this series,

" the program returns to its starting point and looks for another complete
set of data. If none is furnished, exit occurs. When a parametric
series is to be conducted, the input datum IDEALI, which defines the

79




combustlon model, is also consulted. The basic values of IDEALI are
zero, if measured burn rate data are used; one, if Langweiler burning
is used; and two, if the pressure on the unreacted side of the gas/
propellant interface, or the projectile acceleration is specified. By
setting IDEALI equal to three or four, initial conditions are deduced,
using the relations described in section 2.6, to yield the appropriate
value of pressure or acceleration in combination with the designated
charge-to-projectile mass ratio. Following the evaluation of the ini-
tial data in such cases, IDEALI defaults internally to the value two.
It should also be noted that when the initial properties are deduced
from the charge-to-projectile mass ratio, the propellant density is
determined from a user-supplied value of the loading density and may
differ from the value typical of the homogeneous substance.

We also note, in regard to those data which are defined in a
tabular fashion, that, except for the measured burn rate data, the fol-
lowing interpretation is made in a consistent manner. Values of the
dependent variable are deduced for an argument lying within the table
range of the independent variable by means of linear interpolation.
When an argument is furnished which lies below or above the table range,
the dependent variable is assigned the first or the last entry, ac-
cordingly. The measured burn rate coefficients are assumed to be con-
stant until the mass fraction consumed at any time exceeds the corres-

ponding value ZR assigned to the coefficients. Interpolation does not
occur.

We conclude by commenting on the output of the code. The principal
logical index in this regard is the input quantity NPRO. If it is zero,
the continuum state variables are printed at times which are integer
multiples of the input quantity TINOM. By setting NPRO equal to one,
two or three, various bodies of compressed output can be obtained in
place of the full tables of continuum data. If NPRO is four, no inter-
mediate results are printed. In all cases, the calculation concludes
with a table of summary data of ballistic interest. The code also tracks
the total mass. and energy of the system at any time. At the conclusion
of the run the maximum and final percentage defects of these quantities,
from the initial values, are printed. These may be used to assess the
approximate magnitude of the errors of numerical integration in cases
where physical losses do not occur due to dissipation or outflow.
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Table B.1 Summary of Routines - Purpose and Linkages

TCMAIN " Called by: NONE
Calls: ' BAR1, BAR2, BAR3, BAR4, BASE

BASEPR, BREECH, GETK, OUTFLO,
REFIT, SIGCHK, VELCHK
Purpose: Main program and principal executive

routine. TCMAIN reads and prints problem data, initializes constants,
and then either calls BAR1 to initialize the state variables or reads
data from unit 8 if problem is restarted. TCMAIN organizes the two-
level integration scheme and is supported by specialized subroutines
which handle interior mesh points (BAR3) and the various boundary
conditions (BASE, BASEPR, BREECH, OUTFLO). TCMAIN provides printed
output and disc storage of solution in accordance with user-supplied
data. Summary data are accumulated and are printed at the termination
of each case.

BAR1 Called by: TCMAIN

Calls: BURN, RNOM, REFIT, REST

Purgose. BAR1 initializes continuum arrays and,
through the call to REFIT, establishes the initial mesh.
BAR2 Called by: TCMAIN, BAR3, CARAC

Calls: None

Purpose: Utility routine, BAR2 transforms
computational variables into ordinary state variables.
BAR3 Called by: TCMAIN

Calls: BAR2, HTW, WFR

Purpose Integration of all continuum equations

at all interior mesh points. Called twice per integration step, once
for each level.

BAR4 Called by: TCMAIN
' Calls: DSDR
Purpose: Computes maximum time step allowable

‘according to Courant-Friedrichs-Lewy stability condition and safety
factor SAFE.

BASE ‘ Called by: TCMAIN
. Calls: ~ BURN, CARAC, DSDR, RESP, RNOM
Purpose: Subroutine BASE is responsible for the

determination of the boundary values at the base of the projectile, fol-
lowing burnout, and at the gas/propellant interface for all the com-
bustion models. If the propellant is treated as a continuum, its boun-
dary values at the interface are also deduced by BASE. The routine is
called twice per update step, once at each level.

BASEPR Called by: TCMAIN
Calls: CARAC, DSDR, RNOM
Purpose: Updates boundary values at base of

projectile when the propellant is treated as a continuum. Called twice
per integration step.
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BREECH Called by: TCMAIN

Calls: CARAC '
‘Purpose: Updates boundary values at breech of
tube when breech is closed or impermeable to gas.
BURN Called by: BARl, BASE
. Calls: None
Purpose: Computes measured burn rate as a function

of pressure of reactants.

CARAC Called by: BASE, BASEPR, BREECH, OQUTFLO
Calls: BAR2, DSDR
Purpose: Given a value of the velocity at a

boundary mesh point, CARAC deduces a value of pressure which is compatible
with the given value and also with the flow in the interior.

DSDR Called by: BAR4, BASE, BASEPR, CARAC

Calls: SNOM

Purpose: Computes wave speed in propellant as
a function of density and rate-of-change of density.
GETIK Called by: TCMAIN

Calls: RESP

Purpose: Computes time derivatives of state

variables governed by ordinary differential equations. Called twice
per integration step, once at each level.

HTW Called by: BAR3
Calls: None:
Purpose: Computes heat loss per unit volume
due to heat transfer from gas to tube wall.
OUTFLO Called by: TCMAIN
Calls: CARAC
Purpose: Computes boundary values at gas permeable

breech and also at muzzle following expulsion of the projectile. Called
twice per integration step.

REFIT ‘ Called by: TCMAIN, BAR1

Calls: None

Purpose: Allocates mesh and performs spline
interpolation of data when mesh changes.
RESP Called by: BAR1, BASE, GETK

Calls: - None ,

Purpose: Computes resistance to projectile motion

due to friction on obturator and pressure of shocked air in barrel.

RNOM Called by: BAR1, BASE, BASEPR
Calls: None
Purpose: Computes propellant density as a

function of pressure on nominal loading curve.




SIGCHK Called by: TCMAIN

Calls: SNOM
Purpose: Checks that state of continuum pro-
pellant does not lie above nominal loading curve.
SNOM Called by: DSDR, SIGCHK
: . Calls: None
Purpose: Computes propellant pressure as a -

function of density on nominal loading curve.

VELCHK Called by: TCMAIN
Calls: None .
Purpose: Checks that continuum propellant
velocity has not reversed sign as a consequence of friction.
WFR Called by: BAR3
‘ *  Calls: None : .
Purpose: Computes friction between continuum

propellant and tube wall.
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Table B.2

Glossary of Principal Fortran Variables

AB
ADWN

ATRGAM

AIRMW
AIRPO
AIRTO

AMU(10)

AMUV (10)
ANU
APMAX
ASBR
AUP

BMU(10)

BMUV (10)

BR(10)
BRX(10)

BN(20)
BV

B1(20)
B2(20)

CDBR

CDMUZ

"Bore Area

Unload/Reload wave speed in propellant

Ratio of specific heats of air in barrel
in front of projectile

Molecular weight of air in barrel
Pressure of unshocked air in barrel
Temperature of unshocked air in barrel

Array of coefficients of friction between
propellant and tube

Array of velocities corresponding to AMU
Poisson rafio of projectile

Maximum allowable acceleration of projectile
Throat area of gas-permeable breech

Loading wave speed in propellant

Array of coefficients of friction. between
obturator and tube wall

Array of velocities corresponding to BMU

Array of resistive pressures due to
obturator

Array of projectile displacements
corresponding to BR

Array of burn rate exponents

Covolume of gas

Array of burn rate additive constants
Array of burn rate pre~exponential factors

Discharge coefficient of gas-permeable
breech

Discharge coefficient 6f muzzle
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CHTW

CM
cv
DB
DELTAX
DELTBX

DELYR
DRHO(2)
DXMIN

E(100)
ECHEM
ELB

ETA(100)
GAM

Gs1(100, 3),

GS2(100,3)
GS3(100,3)

IDEAL

INT

Coefficient of wall heat transfer
correlation

Unreacted propellant mass

Specificiheat of gas at constant volume
Diameter of barrel

Non-dimensional mesh spacing in gas column
Non-dimensional mesh spacing in propellant

Thickness of gas film used to lubricate
propellant

Total time derivative of density of
propellant at boundaries

Minimum allowable mesh spacing in physical
plane

Array of values of internal energy
Chemical energy of propellant

Length of bearing section.of obturator
Array of values of velocity‘of mesh
Ratio of specific heats of gas

Computational array. If I corresponds to
the gas GS1(I,J) contains the quantity
pxXp at the I-th mesh point at the J-th
level of integration. Otherwise GS1(I,J)
contains the value of fp

Computational array. If I corresponds to
the gas, GS2(1,J) contains the quantity
puxy, at the I-th mesh point and the J-th
integration level. Otherwise GS2(I,J)

contains up.

Computational array. If I corresponds to
the gas, GS3(I,J) contains the quantity
pxp (e + u2/280) at the I-th mesh point
and the J-th level of integration. Other-
wise, GS3(I,J) contains o.

Burn rate indicator. See File 2 discussion
of IDEALT.

Set equal to 1 on predictor level and O
on corrector level of integration step
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K(4,2)
MACH

MAXD1M
MOL

NBR
NBRES1
NBRES2

NBRES3

NBRV

NCJ
NDIM
NDIM1

NDIM2

NI

NMUZBL

NP

86

Array of derivatives of X, ip, M, and
xp at predictor and corrector levels,

Maximum allowable Mach number of reactants
relative to regressing interface

Maximum allowable number of mesh points
Molecular weight of gas

Number of increments of propellant for
tabular description of burn rate coefficients

Number of entries in tabular description
of resistance due to obturator

Indicator for calculation of resistance
due to shocked air in front of projectile

Number of entries in tabular description
of coefficient of friction of obturator

as a function of projectile velocity

Indicator that breech is gas-permeable
or otherwise

Error indicator
Number "of mesh points allocated to gas
NDIM + 1

Total number of mesh points allocated
when propellant is treated as a continuum

Integration counter. Incremented on
both predictor and corrector levels

Pointer to next integration level of
storage

Indicator that wall heat loss is considered
or otherwise

Pointer to current integration level storage

Indicator that blowdown is to be computed
or otherwise

Pointer to previous integration level storage




NPRC

NPRO

NWFR

P(100)

PBRF
PDIA

PRM

PRMB

PST

QORF (100)

RDOT

RHO(100)
RHOP

SIG-

SIGMAX
SSTART
T(100)
U(100)
.

XBB

Indicator that propellant is treated as
continuum or otherwise

Print option indicator. See File 2.
Indicator of representation of friction
between.solid propellant and tube. If g
positive, number of entries in tabular

description of coefficient of friction
as a function of velocity of propellant

Array of values of pressure

Value of breech pressure at which blowdown
computation 1s terminated

Value of pressure which must be exceeded
in breech prior to onset of permeability

Projectile mass

Projectile mass ahead of midpoint of
obturator

Initial pressure of gas
Array of values of heat loss, if mesh
point corresponds to gas, and wall friction,

if point corresponds to propellant

Rate of regreséion of interface relative
to unreacted propellant

Array of values of density
Initial density of propellant at zero pressure

Value of pressure on unreacted side of
gas/propellant interface

Maximum allowable value of SIG

Shot start pressure

Array of values of temperature
Array of values of velocity
Length of gas column

Length of propellant column
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XI1 ~ X o
y~-1p
P
P 1
X12 e - (— - b)
p vy-15%
‘ P
XLPRI 7 , Initial length of propellant column
XPR Projectile travel
XPROP ‘ Initial position of base of projectile

relative to breech
ZR(20) Array of values of mass fraction of

propellant for tabular description of
burn rate coefficients
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Table B.3 Description of Input Files

File 1: One Card (20A4) Mandatory
ITIT Problem title. Up to 80 alphanumeric characters
File 2: One Card (16I5) Mandatory
IDEALT Propellant burn rate indicator
0 - Measured burn rate data. File 6 required.
1 - Langweiler ideal burning
2 - Ideal burning with prespecified value of pressure
on unreacted side of gas/propellant interface or of
projectile acceleration. Note the discussion of
SIGMAX, MACH, APMAX in File 4.
3 - Like 2 except that APMAX is deduced from SIGMAX
according to initial propellant mass. Option used
for parametric studies in which SIGMAX is to be )
constant while charge-to-projectile mass ratio varies.
4 - Like 2 except that PSTI (File 4) and SIGMAX are
computed from APMAX according to initial propellant
mass. Option used for parametric studies in which
APMAX is to be held constant while charge-to-pro-
jectile mass ratio varies.
NPRC 0 - Propellant treated as rigid .
1 - Propellant treated as continuum. File 7 required.
NPRO Print Option for logout other than summary data
0 - Detailed print including flow profiles
1 - One line summary at each logout step
2 - Energy trajectory printed
3 - Interior ballistic data and % energy trajectory printed
4 - No print other than summary
NDSK Disc read/write parameter. If active, unit 8 must be defined.
0 - Neither read nor write '
1 - Write only
2 - Read only
3 - Read and write
NDSKID Problem identifier if multiple storage on unit 8
NDSKDT Time step for restart of problem if NDSK = 2 or 3
NPAR Number of ﬁarametric cases. If NPAR > 0, File 17 is required.
NBR Number of entries in burning rate table, File 6.

Default value is NBR = 1 (Maximum of 20)
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NWFR

NBRES1

Propellant Wall Friction Parameter
0 - Friction between propellant and tube not considered
-1 - Friction due to gas film. File 8 required.
>0 - Number of entries in velocity dependent coefficient
of friction table. (Maximum of 10). File 9 required.

0 - Obturator resistance not given as table
>0 - Number of entries in table of resistive pressure
versus travel (Maximum of 10). File 10 required.
NBRES2 0 - Resistance due to shocked air not considered
1 - Resistance due to shocked air considered. File 11
required.
NBRES 3 0 ~ Obturator resistance not proportional to setback
pressure. ‘
>0 - Number of entries in table of velocity dependent
coefficient of friction of obturator. (Maximum of 10).
Files 12 and 13 required.
NHTW 0 - Heat loss to wall not considered.
1 - Heat loss considered. File 14 required.
NMUZBL 0 - Tube blowdown after muzzle exit not considered.
1 - Blowdown considered. File 15 required.
NBRV 0 - Breech closed.
1 - Breech gas—permeable. File 16 required.
File 3: One Card (415, 5F10.0) Mandatory
NSTOP Number of integration steps before termination.
If NSTOP = 99999, number is unbounded.
MAXDIM Maximum number of mesh points to be used in continuum
representations. (< 100)
NCY1 Following step NCYl, NPRO will default internally to
0 to yield detailed printing.
NCY2 Following step NCY2, NPRO resumes the value specified
in File 2.
TINOM Time interval for printing (See NPRO, File 2)
and disc storage (See NDSK, File 2). (msec)
TISTOP Time at which computation is to be terminated (msec)
XSTOP Projectile travel at which computation is to be

terminated (ins)
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SAFE

Safety factor by which C-F-L time step is divided.
Must be at least one. ‘

DXMIN Minimum mesh size for continuum representation (ims).

Filé 4: One Card 8F10.0) . Mandatory

DB Diameter of tube (ins)

XIB Initial length of gas column (ins)

PRM Mass of projectile

SS1 Shot start pressure (psil)

PSTI Initial pressure of gas (psi)

SIGMAX Maximum value of pressure on unreacted side of
gas/propellant interface. If SIGMAX = 0, no
restriction 18 considered. (psi)

MACH Maximum valﬁe of Mach number of reactants rélative
to regressing surface. If MACH = 0, no restriction
is considered.

APMAX Maximum value of acceleration of projectile.

If APMAX = 0, no restriction is considered. (gravities)

File 5: One Card (8F10.0) Mandatory

GAM Ratio of specific heats of gas (-)

BV Co&olume (ins/lbm)

MOL Molecular weight (1bm/lbmol)

ECHEM Chemical energy of propéliant (1bf-1in/1bm)

RHOP Density of solid propellant at zero pressure (lbm/ins)

. CM Mass of propellant (1lbm)
ALDEN Loading &ensit& (lbm/ina)‘
File 6: NBR Cards (4F10.0) . Required if and only L1f IDEALI = O or

if NBR is read as a positive number.
See File 2.
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B1(1) Burn rate additiﬁe constant for ISt increment
of propellant (in/sec)

B2(1) Burn rate pre-exponential coefficient for 15t
increment of propellant (in/sec - psiBN)

BN(i) . Burn rate exponent for ISt increment of propellant (-)

ZR(1) Mass fraction defined by end of first increment (-)

B1(2) Like B1(1l) but for an increment. (New Card)

Zﬁ(NBR) Mass fraction defined by end of last increment,

including contributions of all preceding increments (-)

File 7: One Card (2F10.0) Required if and only if NPRC = 0.
See File 2.
AUP Compressive wave speed in propellant at ambient

conditions (in/sec)

ADWN Unloading/Reloading wave speed (in/sec). If ADWN
is entered so that it is less than the nominal loading
wave speed, the loading value is used. By entering
ADWN = 0 a reversible law is defined.

File 8: Omne Card (2F10.0) Required if and only if NWFR < O.
See File 2.

VISLYR Viscosity of gas film used to lubricate propellant
(1bm/in-sec)

DELYR Thickness of film (ins)

File 9: One to three Cards (8F10.0) Required if and only if
) NWFR > 0. See File 2.

AMUV (1) First value of velocity of propellant (in/sec)

AMU(1) Corresponding coefficient of friction on tube (-)

AMUV (NWFR) Last value of velocity (in/sec)

AMU (NWFR) Corresponding coefficient of friction (-)
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~File 10: One to three Cards (8F10.0) Required if and only if

NBRES1 = 0. See File 2.

BRX(1) First value of projectile travel (ims)
BR(1) . Corresponding value of resistive pressure due
. to obturator (psi)

BRX(NBRES1) Last value of projectile travel (ins)

BR(NBRESI) Corresponding value of resistive pressure (psi)

File 11: One Card (4F10.0) Required if and only if NBRES2 = 0.

’ See File 2. .

AIRGAM Ratic of specific heats of air (-)

AIRPO Pressure of air in barrel (psi)

ATRTO Temperature of air in barrel (°R)

ATRMW Molecular weight of air in barrel (1bm/lbmol)

File 12: One Card (3F10.0) . Required if and only if NBRES3 = 0.

’ See File 2.
PRMB Mass of projectile ahead of midpoint of
: obturating band (lbm)

ELB- Length of bearing section of obturating band (ins)

ANU Poisson's ratio of obturating band (~)

File 13: One to three Cards (8F10.0) Required if and only if
: NBRES3 # 0. See File 2.

BMUV (1) First value of velocity of projectile (in/sec)

BMU(1) Corrésponding value of coefficient of friction

. between obturator -and tube (~)
BMUV (NBRES 3) Last value of velocity of projectile (in/sec)
BMU (NBRES 3) Corresponding coefficient of friction (-)
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File 14: One Card (4F10.0) Required if and only if NHTW =z O.

See File 2.
TWALO Temperature of tube (°R)
CHTW - Coefficlent of heat transfer correlation (-)

Default value is 0.092.

VISG Viscosity of gas (1bm/in-sec)
: Default value is 1079,

PRNO Prandtl number of gas (-)
Default value 1is 0.7.

File 15: One Card (2F10.0) Required if and only if NMUZBL = O.
See File 2,
PBRF Value of breech pressure at which blowdown calculation

is to be terminated (psi)

CDMUZ Discharge céefficient for efflux from muzzle (=)

File 16: One Card (4F10.0) Required i1f and only 1f NBRV =z 0.
' : See File 2.

ASBR Throat area of discharge nozzle in breech (in2)

CDBR Discharge coefficient for nozzle (-)

PDIA Rupture pressure which must be exceeded before

breech becomes permeable to gas (psi)

File 17: One or two Cards (8F10.0) Required if and only if
NPAR = 0. See File 2.

COM(1) Value of charge-to-projectile mass ratio for first case (-).

COM (NPAR) Value for last.case (-)
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FUMCTTION RNDM(X)
NOMINAL DENSITY CJRVE FOR PROPELLANT AS A FUNCTION OF
PRESSURE (X).
IMPLICTT REAL#R(A=H,0-7)
REAL%8 MOL
CD@S””;é?é%%’ GAM, EV, MOL, ECHEM, RHOP, B1(20), B32(20), BN(20),
COMMON /B&RH/ AUP, ADWN,VISLYR,DELYR,AMUV(10) ,AMU(10),
- 3RX(10) PQ(IO% AlRCAM,AIRPO,ATRTO,AIRMW, THALO,
PaRE,CORUZ,A5B8 ,CDER,PDIA,CHTW,DRHD(2)

DATA G/386.1600/

gg?n RHNPH(2,D0%GEX/AUP/AUP/RHOP+1.00) x(1.D0/3.00)
END
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FUNCTION SNOM(X)
NOMINAL STRESS CURIVE FOR PROPELLANT AS A FUQCTIDN JF DENSITY

(x}).

IMPLICIT REAL*8(A-H,0-~ )

REALZA MOL
1CD?50N24%§§$/ GAM, BV, MOL, ECHZM, RHOP, B1(20), B2(202), BN(20),

. “J . . .

CUMM&N /BARH/ AUP,ADWN,VISLYR,DELYR,AMUV(10),AMU(10),
®o BPX(IO).RR(IO).AIRGAH.AIRPO.AIR*O.AIRMN TWALO,
% PBRF,CDMUZ,ASBFE,CD8R,°DIA,CHTHW,DRHO(2)

DATA G/386.1600/

SNOM=AUP=AUP=HOP/3,D0/6G* ((X/RH“F) %3=1.,00)



SURRQUTINE VELCHK

NOT BEEN REVERSED AS A

IMPLICIT REAL#8(A-H,0-1)

QW O

INT, NDIM
EgNDIM{,NDlﬂé

NP,

6s2(120,3),
R
R
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USER EVALUATION OF REPORT

Please take a few minutes to answer the questions below; tear out
this sheet and return it to Director, US Army Ballistic Research

Laboratory, ARRADCOM, ATTN: DRDAR-TSB, Aberdeen Proving Ground,

Maryland 21005. Your comments will provide us with information

for improving future reports.

1. BRL Report Number

2. Does this report satisfy a need? (Comment on purpose, related
project, or other area of interest for which report will be used.)

3. How, specifically, is the report being used? (Information
source, design data or procedure, management procedure, source of
ideas, etc.)

4. Has the information in this report led to any quantitative
savings as far as man-hours/contract dollars saved, operating costs
avoided, efficiencies achieved, etc.? If so, please elaborate.

5. General Comments (Indicate what you think should be changed to
make this report and future reports of this type more responsive
to your needs, more usable, improve readability, etc.)

6. If you would like to be contacted by the personnel who prepared
this report to raise specific questions or discuss the topic,
please fill in the following information.

Name :

Telephone Number:

Organization Address:






